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PKEFACE 
This report  was prepared by Battelle-Columbus Laboratories under 
Contract NAS8-31007, "Study of Growth of Single-Crystal Ribbon i n  Space", 
f o r  the  George C .  Marshall Space F l igh t  Center of the  National Aeronautics 
and Space Administration. 
The report  was wr i t t en  by D r .  Van E. Wood, Solid S t a t e  and Optical  
Sciences Sect ion,  and D r .  Alan J .  Markworth, Metal Science Section. Others 
contr ibut ing t o  t he  work were D r .  R. P. Kenan and D r .  A .  E. Austin of Bat te l le -  
Columbus, and D r .  William Oldf ie ld ,  consul tant  from Materials  Research and 
Computer Simulation, Westervi l le ,  Ohio. The program's technica l  monitor (COR) 
a t  NASA-MSFC was Rudolph C . Ruff . 
A s tudy  i s  p re sen ted  of t h e  t e c h n i c a l  f e a s i b i l i t y  of growing s i n g l e -  
c r y s t a l  s i l i c o n  r ibbon  i n  space environment.  Elec t romagnet ic  shaping and 
o t h e r  shaping p rocesses  a r e  cons ide red  i n  s e p a r a t e  t a s k s  Procedures  a r e  
desc r ibed  f o r  c a l c u l a t i n g  t h e  e l ec t romagne t i c  f i e l d s  produced i n  a  s i l i c o n  
r ibbon by an r f  shaping c o i l .  From a  knowledge of t h e s e  f i e l d s ,  t h e  f o r c e s  
on t h e  r ibbon and t h e  degree  of shaping t o  be expected  a r e  de termined.  r.le 
expected s t e a d y - s t a t e  tempera ture  d i s t r i b u t i o n  i n  t h e  r ibbon i s  c a l c u l a t e d  
i n  t h e  one-dimensional approximat ion .  It i s  i n d i c a t e d  t h a t  shaping c o i l  
c u r r e n t  r equ i r ed  has  i n  t h e  p a s t  f r e q u e n t l y  been unde res t ima ted ,  c u r r e n t s  
i n  100 A range being needed t o  produce r ibbon of 0 . 4  an\ t h i c k n e s s ,  even w i t h  
very  sma l l  shaping c o i l s  ve ry  c l o s e  t o  t h e  me l t .  The power requi rements  f o r  
shaping an  i s o l a t e d  r ibbon a r e  r a t h e r  l a r g e , b y  t h e  s t a n d a r d s  of near- term 
space  missions, b u t  f o r  shaping t o  0 . 4  nun a  r ibbon  being drawn from a  f r e e -  
f l o a t i n g  s p h e r i c a l  m e l t ,  t h e  power r equ i r ed  is  i n  the  range e f  a  few k i l o -  
w a t t s  which does  not  seem e x c e s s i v e .  C a l c u l a t i o n s  on s i m p l i f i e d  models 
i n d i c a t e ,  however, t h a t  l ack  of f l a t n e s s  of t h e  shaped r ibbon and excess ive  
h e a t i n g  of t h e  mel t  by t h e  eddy c u r r e n t s  induced by t h e  shaping f i e l d s  may 
pose problems An a n a l y s i s  of t h e  r e l a t i v e  e f f e c t s  of v a r i o u s  k inds  of f o r c e s  
o t h e r  than  e l ec t romagne t i c  showed t h a t  i n  t h e  space  environmr.7t c a p i l l a r i t y  
f o r c e s  would dominate ,  and t h a t  t h e  shape of t h e  me l t  i s  t hus  p r i n c i p a l l y  
de termined by t h e  shape of any s o l i d s  w i t h  which i t  comes i n  c o n t a c t  T h i s  
sugges t s  t h a t  r ibbon may he produced s imply  by drawing between p a r a l l e i  w i r e s  
A concept h a s  been developed f o r  a p rocess  of o f f - ang le  g r w t h ,  i n  which t h e  
r ibbon  i s  pu l l ed  a t  an ang le  t o  t h e  s o l i d i f i c a t i o n  f r o n t .  I f  i t  could  b e  
implemented, s l ~ c h  a  process  promises t o  o f f e r  i nc reased  g r m t h  r a t e ,  b e t t e r  
homogeneity, and t h i n n e r  r ibbon .  While w e  recommend t h a t  work on development 
of concepts  f o r  space  p rocess ing  of s i l i c o n  r ibbon b e  cont inued t o  t h e  e x t e n t  
c o n s i s t e n t  w i t h  t h e  o v e r a l l  goa l s  of t h e  space-process ing  program, we do no t  
recommend f u r t h e r  t e r r e s t r i a l  exper imenta l  work because  of t h e  h i g h l y  space- 
o r i e n t e d  n a t u r e  of t h e  most promising concep t s .  
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From almost every aspect, the least satisfactory part of the process 
of manufacturing silicon single-crystal wafers, whether for integrated-circuit 
or solar-cell application, is the cutting and polishing of the wafers from 
the crystal boules. The process is expensive, requires skilled hand work, 
wastes at least half the cryscal, and introduces strain and heavy-metal 
impurities into the finished wafers. Consequently, there has been consider- 
able interest in developing methods of producing single-crystal ribbone or 
films directly. In this report, we describe investigation8 into some aspects 
of whether processing in a space environment might be a feasible and ueeful 
method of producing silicon single-crystal ribbon. A little interest also 
attaches to other semiconductors, but inaemuch a8 silicon is by far the most 
widely used material for integrated circuitr and is the prime candidate for 
photovoltaic cells for large-scale puwer conversion, it will be the only 
material specifically discussed. Some other work has been done along these 
l i n e s .  A program a t  Texas ~ n a t r u m e n t s ( ' '  looked i n t o  e l ec t romapne t i c  shaping 
of s i l i c o n  r ibbon;  i t  involved some t e r r e s t r i a l  exper iments  which were not  
t o o  s u c c e s s f u l .  14 more r ecen t  a t  HcDonnell-Douglas i s  devotrd  t o  
a conceptual  and economic s tudy  of an  o v e r a l l  space  p rocess ing  system. I n  
t h i s  proposed system, e l ec t romagne t i c  shaping i s  aga in  used,  bu t  t h e  
r ibbon  i s  drawn from a c o n t i n u a l l y  r epe len i shed  l e v i t a t e d  sphere .  T h l s  con- 
c e p t  i s  very  n i c e l y  adapted t o  space  process ing.  We s h a l l  d e a c r i b e  a s p e c t s  
of t h e s e  programs i n  some more d e t a i l  l a t e r .  
1 . 2  O r ~ a n i z a t i o n  of Program and of Report  
Th i s  i s  t h e  f i n a l  r e p o r t  on a program invo lv ing  t h r e e  s e p a r a t e  
t a s k s ,  t h e  f i r s t  two of which were c a r r i e d  out  s e p a r a t e l y .  The f i r s t  t a s k  
was a s tudy  of e l ec t romagne t i c  shaping,  inc lud ing  developtnent of  methods of 
c a l c u l a t i o n  of  t h e  e l ec t romagne t i c  f t e l d s ,  f o r c e s ,  and power requirements ,  
and thermal e f f e c t s  involved.  Th i s  work i s  desc r ibed  i n  Sec t ion  2 ,  where 
we show among o t h e r  t h i n g s  t h a t  t h e  c u r r e n t  needed f o r  e l ec t romagne t i c  shaping 
has  g e n e r a l l y  been r a t h e r  underes t imated i n  previous  work. I n  t h e  second 
t a s k ,  we examined o t h e r  p o s s i b l e  space-process ing methods and i s o l a t e d  t h e  
p r i n c i p a l  f a c t o r s  involved i n  space  growth of s i n g l e - c r y s t a l  r ibbon.  The 
r e s u l t s  of t h i s  i n v e s t i g a t i o n  and a suggested method f o r  drnwing r ibbon i n  
space  a r e  descr ibed i n  Sec t ion  3. The t h i r d  t a s k ,  d i scussed  i n  Sec t ion  4 ,  
was an assessment o f  t h e  o v e r a l l  t e c h n i c a l  p rospec t s  f o r  space  product ion of 
s i l i c o n  r ibbon and a recommendation of t h e  d i r e c t i o n s  f u t u r e  work might 
p r o f i t a h l v  t ake .  
Seve ra l  a r e a s  were s p e c i f i c a l l y  excluded from c o n a i d e r a t i o n  because 
i t  was f e l t  i n v e s t i g a t i o n  of them would be premature: 
1.  mechanical s t a b i l i t y  a g a i n s t  dynamic p e r t  a r b a t  i o n s ,  
2 .  degree  of c r y s t a l l i n i t y  and p e r f e c t i o n  of r ibbon produced (except  f o r  
a few genera l  comments), 
3. economic f e a s i b i l i t y  of any p r o c e s s .  
In this report, equations and figures are numbered separately 
for each section, using a multiple decimal system, in order to avoid 
excessive renumbering. Thus, Eq. (2.3.1; referr to the first equation 
of section 2.3. The references, on the other hand, are numbered consecutively 
for the whole report to avoid excessive repetltion. Since there are only a 
few tables, they too are numbered consecutively through the whole report. 
1.3 Physical Properties of Silicon 
In Table I we have collected, for convenience, representative data 
on the physical properties of silicon which are potentially useful in the 
study of crystallization and electromagnetic shaping in this material. Not 
all the data in Table 1 are eseential to the calculations presented in this 
report, though. We have not attempted to make a complete literature survey 
or to determine a "best" value for the parameters, but we have insofar as 
possible selected experimental results determined near the melting temperature 
in both the solid and liquid phases. These data will be entirely accurate 
enough for the presest studies. Here,and throughout the report, SI units 
will be ueed. 
We shall adopt the following convention for the eymbole referring 
to these data: bymbola without a subscript will refer to the liquid phase; 
symbols referring to the solid phase will have a subscript "s". 
The thermal diffudivities, K = K / C A ,  calculated from ~ n e  Table I 
-5 2 -6 2 data are 8 = 3.0 x 10 m /sec in the liquid state and us = 9.9 x 10 m /eec 
for the solid. The latter value can be compared with an extrapolated estimate 
of 9.4 x lom6 m2/sec given by Touloukian et a1(13). These diffueivitiee are 
large, considering the emall dimensions over which shaping of a ribbon ie 
liable to take place; so in inveetigating thermal properties, it will not be 
necessary to consider other zhan steady-state conditions. 
The surface tenelon, and consequently power required for ehaping, 
might be reduced by heating the melt above the melting temperature, particularly 
a. reduced We will not conaider this possibility in our numerical 
calculationr, though. 
TABLE I. TYPICAL VALUES OF PHYSICAL PROPERTIES OF 
SOLID AND LIQUID SILICON NEAR THE MELTING TEMPERATURE 
- -- - 
Propzrty and Symbol Value Refs. 
7 Liquid 1 Solid I 
Latent heat of fusion, 1.80 MJ kg-' 
- 
Melting temperature, Tm 
Density, A 
Thermal conductivity, K ( 67. U m-I K'~ 1 22.0 W m-' K - ~  15.6 
I 
1685 K 
2 -1 -1 2 
Specific heat, C ( 9.12 x 10 J kg K 19.13 x 10 J kg-'~" 1 3  
3 
Resistivity, p I 8.3 x lo-' ohm m I 1.7 x lo-' ohm rn I 
Surface tension, y 
(or surface free energy) 0 . 7 2  N m1 I 11.23 N ~ ~ ( / l l l ) ~ ~ a n e i  18.9 
Viscosity, 2.0 x N sec i21 
Emissivity, c I 0.5 (rough estimate) 0.6 (extrapolation) I I 11,12 
2 .  ELECTROMAGNETIC SHAPING 
2.1 Statement of Problem 
The o b j e c t i v e s  of t h i s  por t ion  o f  the  program a r e  t h e  development 
of a n a l y t i c a l  techniques  and c a l c u l a t i o n a l  procedures,  inc lud ing  computer 
programs, f o r  determining e lect romagnet ic  f i e l d s  and f o r c e s  and temperature 
changes wi th in  a column of molten s i l i c o n  being shaped i n t o  a t h i n  ribbor! by 
eddy-current f o r c s s  induced i n  the  s i l i c o n  by an  e x t e r n a l  shaping c o i l ;  
determining t h e  power requirements and degree of shaping t h a t  may be: obtained 
f o r  given c o . ~ f i g u r a t i o n s  and dimensions of the  shaping c o i l :  and a s s e s s i n g  
e f f e c t s  of t h e  f r eez ing  01 t h ~  shaped ribbon n e a r  t h e  shaping p o s i t i a n .  
Electromagnetic shaping i s  obviously a t t r a c t i v e  a s  a p o t e n t i a l l y  contamination- 
f r e e  shaping method, and appears  p a r t i c u l a r l y  a t t r a c t i v e  f o r  use  i n  space ,  
where t h e r e  w i l l  be no d i f f i c u l t i e s  w i t h  convect ion i n  t h e  melt. Moreover, 
i t  has  genera l ly  been cons ide red ,  apparen t ly  on t h e  baa ia  of t h e  e a r l y  
( 14) 
e s t ima tes  of ~ a u l e '  and Pas to re  , t h a t  t h e  power requirements f o r  e l e c t r o -  
magnetic shaping t o  submil l imeter  th ickness  were q u i t e  moderat t .  I f  t h e  
ribbon were drawn i n  space from a l a r g e  l e v i t h t e d  sphere ,  a s  i n  tb: "'-nonnell- 
Douglas concep t (* ) ,  f u r t h e r  savings  i n  required power might be  a n t i c i p a t e d  
because of the  removal of t h e  c o n s t r a i n t  of cons tan t  c roee - sec t iona l  a r e a  of 
t h e  molten zone which t h e  g r a v i t a t i o n a l  f i e l d  e f f e c t i v e l y  imposes on e a r t h .  
One might i n  p r i n c i p l e  a t tempt  t o  s o l v e  t h e  e lect romagnet ic  problem 
i n  a completely genera l  way f o r  a g iven  c o i l  c o n f i g u r a t i o n  by assuming 
some re,i.;unable shape f o r  the  molten r ibbon,  c a l c u l a t i n g  t h e  eddy c u r r e n t s  
and fo rce  d i s t r i b u t i o n  f o r  t h i s  shape, a l lowing t h e  shape of t h e  mel t  t o  be 
madified s l i g h t l y  i n  t h e  d i r e c t i o n  ind ica ted  by t h e  f o r c e  d i e t r i b u t i o n ,  
r eca lc r i l a t ing  t h e  c u r r e n t s  and fo rces ,  and so  f o r t h ,  u n t i l  t he  inc rease  i n  
s u r f a c e  f r e e  energy of t h e  melt on f u r t h e r  ehaping j u r t  balance8 t h e  e l e c t r o -  
magnetic work neceeeory t o  achieve t h a t  shaping. Ac tua l ly  we r h a l l  follow r 
program r a t h e r  l i k e  t h i s ,  but t o  avcid  having t o  r o l v e  an extremely complicated 
three-dimensional eddy-current problem, i n  conjunct ion w i t h  n f r e e  v a r i a t i o n a l  
problem t o  determine t h e  shape o t  the  me l t ,  we w i l l  mnke what we b e l i e v e  a r e  
reasonable  assumptions about  t h e  geometry of bo th  t h e  shaper  and che r ibbon.  
T h i s  w i l l  a l s o  e n a b l e  u s  t o  i d e n t i f y  mure r e a d i l y  t h e  f a c t o r s  of primary 
importance i n  determining t h e  e f f e c t i v e n e s s  of t h e  shaping p rocess .  I n  
r e t u r n ,  we g i v e  up i n  p r i n c i p l e ,  though not  i n  p r a c t i c e ,  s i n c e  t h e  exac t  
problem would g u r e l y  prove wholly i n t r a c t a b l e ,  some knowledge about t h e  
e x a c t  shape of t h e  f rozen  r ibbon.  
A s  f a r  a s  t h e  shaping c o i l  goes ,  i t  i s  c l e a r  t h a t  i t  i s  s u f f i c i e n t  
t o  c o n s i d e r  i t  a s  made up of p a i r s  of s t r a i g h t  w i r e s  running p a r a l l e l  t o  t h e  
f l a t t e n e d  s u r f a c e s  of t h e  r ibbon and pe rpend icu la r  t o  t h e  p u l l i n g  d i r e c t i o n ,  
and s y m e t r i c a l l y  d isposed a c r o s s  t h e  m e l t ,  s i n c e  w i r e s  running i n  any o t h e r  
d i r e c t i o n s  w i l l  n o t  be e f f e c t i v e  i n  producing r ibbon of the d e s i r e d  shape.  
Moreover, i t  w i l l  be adequate t o  cons ide r  one p a i r  of such w i r e s ,  s i n c e  t h e  
f i e l d  d i s t r i b u t i o n  from a  group of shaping wi re8  can be obta ined by adding 
vect    ally th2 f i e l d s  £rum each c o n s t i t u e n t .  Thus we s h a l l  l a r g e l y  
c o n c e n t r a t e  our a t t e n t i o n  on a  s i n g l e  hairpin-shaped c o i l ,  w i t h  t h e  bend 
s u f f i c i e n t l y  remote from t h e  r ibbon t o  have n e g l i g i b l e  i n f l u e n c e ,  dispoaed 
a s  desc r ibed  above (and i l l u s t r a t e d  i n  F i g s .  2 .3 .1 ,  2 . 3 . 2 ,  and 2 .4 .1 ) .  
We w i l l  n e g l e c t  any e f f e c t s  of t h e  induced f i e l d s  back on t h e  shaper ,  which 
a f t e r  a l l  c a r r i e s  a  very  h igh c u r r e n t .  The s i q g l e  h a i r p i n  shaping . o i l  is 
a l s o  very  impor tant  a s  a  l i m i t i n g  c a s e ;  f o r  a  g iven t o t a l  i npu t  c u r r e n t  and 
a  g iven d i s t a n c e  b  of c l o s e s t  approach of c o i l  t o  m e l t ,  i t  i s  easy t o  see  
t h a t  no g r e a t e r  degree  of shaping can be obta ined than can be p 2 t t e n  by p u t t i n g  
a l l  t h e  c u r r e n t  i n t o  s i n g l e  c o i l  a t  the d i s t a n c e  b .  Some more complex 
c o n f i g u r a t i o n  may have some o t h e r  d e s j r a b l e  f e a t u r e ,  such a s  shaping e f f e c t i v e l y  
over a  g r e a t e r  r ibbon l eng th ,  but f o r  a  g iven r ibbon t h i c k n e s s ,  i t  w i l l  
t a k e  more c u r r e n t .  
As f o r  the  r ibbon ,  we s h a l l  assume t h a t  i t  i s  drawn i n  c:-~ch a  way 
t h a t  i n  t h e  c r i t i c a l  shaping reg ion  i t s  brond s i d e s  a r e  reasonably  f l a t  and 
" v e r t i c a l o ' - - t h a t  i s ,  perperldicular t o  t h e  p lane  of tllc shaping c o i l .  Calcu- 
'11,14) seem t o  l a t i o n s  s u r f a c e  energy of melt-r ibbon c o n f i g u r a t i o n s '  
indLca:, t h a t  such a  c o n f i g u r a t i o n  can be obta ined w i t h  a shaping c o i l  s i n i l a r  
t o  tha t  described above. Of course the c o i l  must then be in te rac t ing  
s ign i f i c an t l y  with t he  non-"-vsrtical" port! on of the l i qu id ,  but we must ignore 
t h i s  i n  the  i n t e r e s t s  of s impl ic i ty .  I t  does seem '11) tha t  there  a r e  circumstances 
where t h i s  i s  not a t  a i l  a bad approximatiun. Another approximation i s  t ha t  
any possible  change of ribbon shape between the plane of the diaper ,  where 
the electromagnetic force i s  g r e a t e s t ,  and the  freezing plane is  ignored. 
I t  might be possible  under some circumstances t o  arrange the  pu l l  r a t e  so 
tha t  the f l a t  ribbon shape was . .=intained,  but one would not wish t o  -ely 
on chis.  F ina l ly ,  we assume the  ribbon i s  very broad i n  compariso~l t o  i t s  
thickness ,  a s  it appears i t  w i l l  have t o  be(2) f o r  s a t i s f ac to ry  product ivi ty;  
so it w i l l  be a good approximation t o  assume t h a t  the  f i e l d s ,  fo rces ,  e t c . ,  
do not vary along t he  broad dimension of the  ribbon. This i s  a tremendous 
s impl i f ica t ion ,  s ince  i t  reduces a f u l l y  three-dimensional problem t o  a two- 
dimensional one. (There may s t i l l  be f i e l d  components i n  a l l  d i r ec t i ons ,  but 
they do not vary along one). To our knovledge, no three-dimensional eddy 
current  problen~ of comparable complexity has ever  been solved, numerically 
or  otherwise. The f l z t  ribbon would presumably be terminated by l i t t l e  
caps of semicircular cross-section (Fig. 2.4.1); although these may be 
important i n  determining t he  surface energy, the  shaping f i e l d  e f f e c t s  on 
them can be neglected. Original ly  we attempted t o  avoid the f l a t  ribbon 
assumption by assuming t he  ribbon cross  sec t ion  was tha t  cf an elongated 
e l l i p s e .  Eventually, however, we rea l ized  t ha t  t h i s  only complicated the 
problem w i t h o ~ t  giving much i n  re turn ;  i n  pa r t i cu l a r ,  i t  i s  muLn harder t o  
consider the e f f e c t s  of the  freezing in te r face  i f  t he  ribbon is  not f l a t .  
The e f f e c t s  of t he  various approximations a r e  discussed qua l i t a t i ve ly ,  and 
t o  some extent  quant i ta t ive ly ,  elsewhere i n  the  repor t .  
When spec i f i c  ribbon dimecsions a r e  needed for  purposes of numerical 
ca lcu la t ion ,  we s h a l l  assume a ribbon width of 6 cm and thickness 400 d m .  The 
(2) same values a r e  generally osed f o r  i l l u s t r a t i o n  i n  the  McDonnall-Douglas repor t  . 
For sn l a r  c e l l  appl ica t ions ,  somewhat thinner  ribbon-say 250 bm--would be 
de+i rdhle ;  i n  t he  ribbon-from-levitated-sphere setup,  though, t he  amount of 
r 11-a power required t o  achieve the l e s se r  thickness does no t  o rd ina r i l y  appear 
t o  I ) r  v e r y  great .  
2 . 2  Basic Electromagnetic Equations 
I n  t h i s  s e c t i o n  we g i v e ,  without d e r i v a t i o n s ,  the  bas ic  equat ions  
f o r  determining t h e  eddy c u r r e n t  dens i ty  i n  and induced force a i s t r i b u t i o n  
on a  m e t a l l i c  melt i n  the  f i e l d  of  e x t e r n a l  shaping c o i l s .  SI (mkd)  u n i t s  
a r e  used. A s i n g l e  e x c i t i n g  frequency w i l l  be assumed; genera l i za t ion  is  
s t ra ightforward.  A supersc r ip t  0 w i l l  b e  used t o  i n d i c a t e  values of var ious  
q u . . r t i t i t i e s  i n  t h e  "vacuum" region ou ts ide  t h e  molten zone; supersc r ip t  
w i l l  i n d i c a t e  values  i n s i d e  the  melt .  We d i s c u s s  f i r s t  the  molten ribbon 
and the  space around it. When we come t o  d i s c u s s  t h e  s o l i d i f i e d  r ibban and 
t h e  s o l i d - l i q u i d  i n t e r f a c e ,  we will use a  s u p e r s c r i p t * ~ s ~ ~  f o r  f i e l d s  and 
fo rces  wi th in  the  s o l i d  region. A t i l d e  (-) underneath a  l e t t e r  w i l l  bc 
used t o  designate  a  vector  quan t i ty .  
For a s i n g l e  d r i v i n g  frequency f = w / b ,  and neg lec t ing ,  a s  usual  
i n  eddy-current problems, small displacement c u r r e n t  terms, t h e  independent 
Maxwell equations t o  be solved a r e :  
Ins ide  
V x E =-ih lui  
- 0 
'7 x_H = a; 
Outside 
where a i s  the  conduct ivi ty  of t h e  molten m a t e r i a l ,  and g and denote t h e  
s teady p a r t s  of t h e  e l e c t r i c  and magnetic f i e l d s ;  t h a t  i s ,  E ( t ) =  ~e~~~ , f o r  
.., 
example. The vsua l  procedure of taking t h e  c u r l  of t h e  c u r l  equat ions  leads  
t o  t h e  vector  Helmholtz equat ions  ( i n s i d e )  and vec tor  Laplace equation6 
(outside) 
1!2 
where the  skin dep th  6 = (2 /+0uo)  . 
In the solid, the corresponding Maxwell and Helmholtz equations will 
naturally be uf the same form as (2.2.la,2a,4a,5a), but with a replaced by 
17 the solid conductivity, and b by b B ,  the skin depth in the solid. 
s S  
The ski.. depths b and b s  are among the most important physical 
parameters of our problem (or a £  any eddy-current problem). To provide an 
idea of orders of magnitude, we note the numerical relationship 
where f is in MHz and b in am. Thus for utample for an operating frequency 
of 21.1 MHz, the skin depth in the melt will be 100 km. At the same frequency, 
the skin depth bs in the solid will be about 455 urn. The boundary conditions 
to be satisfied at the melt-vacuum interface are 
For the electric fieid For the magnetic field 
0 $ = H  0 Et = 4t 4 
where subscripts t and n denote as usual components tangential and normal 
to the surface, respectively. Not all theae conditions are independent. At 
the solid-liquid boundary, the same equations hold if superscript "0" is 
replaced by "s". Additional boundary conditions, at large distances from the 
ribbon and at the ribbon's center, are discussed where they are specifically 
needed. 
The eddy current density in the melt may be determined from Ohm's 
law 
and the steady force density on the melt found from 
I f  we d e f i n e  a  complex Poynting v e c t o r  by 
s = 1 / 2 ( & x z * * )  , 
hl 
and then d e f i n e  
where t h z  i n t e g r a l  i s  taken over t h e  s u r f a c e  of t h e  ribbon and 6 denotes  
an  outward normal t o  t h a t  s u r f a c e ,  then Re I i s  t h e  s teady Ohmic power l o s s  
i n  t h e  ribbon and I m  n i s  2  u t i m e s  t h e  average magnetic energy s t o r e d  i n  the  
r i b b o n ( l S i .  A t  t h e  inpu t  of t h e  shaper  c o i l ,  t h e  e f h c t  of t h e  eddy c u r r e n t s  
i s  fhu. t o  provide  an a d d i t i o n a l  impedance Ze = 2Il/I2, where I i s  the  peak 
c u r r e n t  i n  t h e  c o i l .  
2 .3  F i e l d s  and Forces  i n  Uniform Ribbon 
I n  t h i s  s e c t i o n  we i n v e s t i g a t e  t h e  f o r c e s  exe r t ed  on a  semi- 
i n f i n i t e  region of a  uniform m e t a l l i c  m a t e r i a l  (such as l i q u i d  S i )  by a  s i -ngle  
long s t r a i g h t  w i r e  c a r r y i n g  a l t e r n a t i n g  c u r r e n t  of peak value  I .  The w i r e  i s  
p a r a l l e l  t o  the  s u r f a c e  of t h e  m e t a l l i c  hal f -space ,  which we s h a l l  r e f e r  t o  a s  
the  m e l t ,  al though a  r e a l  molten metal  would of course he deformed away from 
the  w i r e .  Thus, t h e  p r i n c i p a l  assumption i n  a d d i t i o n  t o  those  made p rev ious ly  
i s  t h a t  t h e  l i q u i d - s o l i d  i n t e r f a c e  t s  f a r  enough away from t h e  shaping ,-egion 
t h a t  i t  can be ignored. Techniques t o  avoid having t o  make t h i s  assumption 
a r e  descr ibed i n  Sec t ion  2.6,  and i t s  reg ion  of v a l i d i t y  i s  discussed i n  
Sec t ion  2.7.  Also,  s i n c e  we a r e  r e a l l y  p r imar i ly  i n t e r e s t e d  i n  a  t h i n  ribbon 
ratna.  than a  s e m i - i n f i n i t e  r eg ion ,  t h e  r e s u l t s  of t h i s  s e c t i o n  w i l l  only be 
s t r i c t l y  v a l i d  when t h e  s k i n  depth  i s  small  compared t o  t h e  p l a t e  th ickness  
t s a y  5 < t / 3 .  Th i s  approximation w i l l  a l s o  be  removed i n  Sec t ion  ? . 6 .  A s  
we ~ I I ~ I I  I s e e ,  t h e r e  may be c a n d i t i o n s  under which a  r e l a t i v e l y  l ~ r g e  s k i n  
d e p t i ~  ,Inv be d e s i r a b l e ;  but  t b e  r e s u l t s  of t h i s  s e c t i o n  w i l l  s t i l l  be good 
f i  r . ;~  .~pproximat ions  a t  any reasonable  opera t ing  f requenc ies .  
Aspects of t h i s  problem have been s tud ied  b e f o r e ,  p a r t i c u l a r l y  by 
L '  1 1  I ( s i \ v  and . Jerrard(16)  , and b v  ~ t o l l ( " l ) .  The fo rce  d i s t r i b u t i o n s  were not  
s t  t i t l  i c . c l ,  t l l u u g n .  Our  simple method f o r  ob ta in ing  the  f i e l d s  and f o r c e s  a t  
t he  surface of t he  melt is a leo  new. Furthermore, S t o l l ' s  account contains  
a  good de.1' of incor rec t  mathematics. We have t r i e d  t o  c l a r i f y  t h i e  pa r t  of 
the  d ect\rjr. ion. This r e l a t i v e l y  simple problem i a  very i n s t ruc t i ve  i n  ehow- 
ing the neral nature of the  force d i s t r i bu t i ons  and t he  relevant  combinatione 
of I arbmetere of i n t e r e e t .  
The nota t ion  t o  be used i s  i l l u s t r a t e d  i n  Fig. 2 .3.1.  We c a l l  the  
wire-to-melt perpendicular d i s tance  b. The d i r e c t i o n  along which the  melt 
i e  w in6  d .awn i e  x;  t h i e  11 made more apparent i n  Fig. 2.3.2, where the  two- 
w i n .  thiri -ibbon caee i e  i l l u s t r a t e d .  By the  seemed symmetry of the  problem. 
nc q u a n t i ~  i t e s  can vary with z. The problem t o  be solved i s  therefore  two- 
dimr~nsiona i . 
kle a l s o  note t h a t  the  magnetic f i e l d  of the  i so la ted  e t r a igh t  wire 
has no com,:onent along the  d i r ec t i on  of current  flow, ( t he  z di rec t ion)  and 
t h a t  the presence of t he  molten zone, wi th  no va r i a t i on  along z e i t h e r ,  can- 
no t  a l t e r ,  t h i s .  Thus our Maxwell equation V x 2 = o ; ineide the  melt reduce8 
-. 
t o  k(2 ;,/ax - a~,/ay] = oE. s o  3 ins ide  t he  melt and, by cont inu i ty ,  outs ide 
has a P.-component. We can w r i t e  the  Maxwell equations i n  component 
form a: 
( 2 . 3 .  l a )  
(2.3.  lb) 
Rather that1 u 3ing these aq t a t  t ons and the  associated boundary conditions 
d i r e c t l y ,  i t  \ t i l l  be C L .  'enient t o  follow S t o l l  and introduce the  magnetic 
* 4 
vector po t en t i a l  i, ief ined by < = boH = V x A .  For not t o  vary i n  the z 
+ 
d i r ec t i on ,  the x- and y- components of A must be constants ,  which can be taken 
without l o r  - of genera l i ty  t o  be zero. Thus, we a r e  l e f t  with 
11 -. - 
1 ~ A z  
-- , and Lrom(1.3.la) 
Y' "c &i 
F I G .  2 . 3 . 1 .  P E R S P E C T I V E  OF LONG STRAIGHT WIRE ABOVE S E M I - I N F I N I T E  
MELT, SHOWIN(; COORDINATE SYSTEM USED. 
FIG. 2 . 3 . 2 .  SIDE VIEW Or' FLAT RIBBON BEING SHAPED BY 
FORCES DLIE T0 TWO LONG STRAIGHT WIRES 
where again an uni~nportant  constant  term has  been dropped. D i f f e r e n t i a t i n g  (3a) 
wi th  respec t  t o  y ,  (3b) w i t h  respec t  t o  x ,  and using (2) and (3c) we get  the  
Helmholtz equat ions  f o r  AZ, 
a L ~  % + 3 = 2~~ i n s i d e  t h e  melt, 
ax ay2 
'"2 + ''A* = 0 outs ide ,  
- -
where we have ind ica ted  by A3 t h e  value of AZ i n s i d e  the  melt  ( region (3 )  i n  
Fig.  2 .3 .3 )  and by A t h e  corresponding value j u s t  ou t s ide .  I n  (2.3.4a) , 2 
a2 = 2 i / b 2 .  The boundary condi t ions  a t  the  sur face  of t h e  melt  (y  = 0) can 
r e a d i l y  be obtained from those f o r  '5 and 2. Continui ty  of Ez y i e l d s  
A 2  = A 3 ,  y = 0 . 
Continui ty  of Hx gives 
Cont inui ty  of H provides no a d d i t i o n a l  information. AZ(x,y) must equal 
Y 
AZ(-x,y) i n  order  t h a t  Hx(x,y) = Hx (-X,Y) and H (x ,y)  = - Hy(-x,y), a s  i n  Y 
t h e  case  of t h e  i s o l a t e d  wire .  Thus a l s o  aAZ/ax = 0 a t  x = 0. 
We w i l l  solve Eqs. (2 .3 .4 ) ,  together  with  boundary conditiotis ( 2 . 3 . 5 )  
~ n a  appropr ia te  condi t ions  a t  i n f i n i t y ,  by t h e  Four ie r  transform method. 
, .cfore  doing t h i s ,  however, i: w i l l  be  helpfrll  t o  d i scuss  the  vec tor  p o t e n t i a l  
of t h e  i s o l a t e d  current-carrying s t r a i g h t  wire .  
+(is) a t  (x,y) due t o  an i s o l a t e d  wi re  a t  (0 ,b )  The vec tor  p o t e n t i a l  A 
i s  given by 
4 
where K i s  an a r b i t r a r y  constant  vec tor ,  independent of x and y. I t  is  
e a s i l y  shown t h a t  t h i s  y i e l d s  t h e  usual  formulae f o r  t h e  components of t h e  
magnetic f i e l d  of the i so la ted  wire. A s  with the e l e c t r o r t a t i c  po t en t i a l ,  
a  constant term may be added since only d i f fe rences  i n  po t en t i a l  have 
physical s ignif icance.  The d i f fe rence  i n  vector  po ten t ia l  b e b e e n  two 
poinLs of d i f f e r en t  y but the same x i s  c l e a r l y  
'18)) Consultation 3f a  tab le  of i n t eg ra l s  ( f o r  instance,  Eq. 1.4(2) of Erdelyi' 
shows t l ~ a t  (2.3.6) can a l s o  be wr i t t en  i n  the form 
(x, yl) - i s ,  = - WOIC 7- - dk c o s k ( e  k(yl-b) _ek(~2-b) )  m i o  k 
f o r  y l  and y2 < b. This i n t eg ra l  is pe r f ec t ly  wel l  behaved, but the  separate 
exF ment ia l  terms both diverge a t  the  l w e r  l i m i t .  Hwever, we w i l l  not 
ge t  i n t o  d i f f i c u l t y  using such in t eg ra l s  t o  represent the  vector po ten t ia l  
of t he  i so la ted  wire a t  a  given point-- that  is, 
-is e 12 -m 3 cos b, .k(y-b) A (x.y) 9 
so  long a s  we remember t ha t  only poten t ia l  differences a r e  physical ly 
s ign i f i can t .  
Since 3 i s  en even function of x,  a cosine transform on t h i s  
var iab le  i s  appropriate. We define 
Multiplyfng Eq. (2.3.4) b y  car kx and in tegra t ing  on x ,  we find 
Thus i n  general,  
and 
where i t  must be borne i n  mind tha t  the coef f ic ien t8  C2, C3,  D 2 ,  D can 3 
depend on k. I n  order t ha t  the so lu t ion  be f i n i t e  a s  y -. -=, w e  must 
have Dg = 0.  The Fourier Inversion Theorem thus gives 
A ~ ( X , ~ ) = !  Ji [c2(k)eky + D2(k)eh] eos kx dk , 
2 -  
A ~ ( x , Y )  ;; * I *  c3 (k) e my coe kx dk . 
When a -0 0-that is, when the skin depth b become8 i n f i n l t ~ t h e s e  
r e s u l t s  must go over t o  those fo r  the i so la ted  wire; that is 
+ e-b 
Ai 2n . lo i eky coo. la dk, a - 0, i - 2.3. 
This can be achieved i f  
C3 + C 2 ,  a -. 0; and 
-kb 
C2(k) = 'o' 
- t k  
C (k) must be independent of cu for  the vector potential  to approach that  for  2 
the i so la ted  wire a t  large b. Inser t ing  (2.3.9) i n t o  (2.3.5), we see 
Thur, we f i n a l l y  obtain 
POI .>(y-b) -kO*b) 
A2(x,y) - 
~r + '-- k k + k ~  1 cor kx dk, 
Po1 Jkz + uL y-kb 
X Y  - j ; + kz + .d dk- 
From Eqs. (2.3.10), a11 the Eielde forcee,  a t c . ,  of i n t e rea t  can be cr lcu la ted  
if  the integral6 can be evaluated. The integrands of A2 and A3 a r e  f i n i t e  
and integrable everywhere in  the range of Integrat ion.  
From (2.3.3) and (2.3.10b) we can find the f i e l d  f.omponente 
inside the metal l ic  region 
-
coe kx dk ; 
/k2 + a2 + k  
By multiplying the  integrand by kw , the a l t e m t i v e  fomm 
can be obtained. 
There form are useful when blb i s  large. Numerical calculations (16,17) 
rhcw that  the f ie lds  f a l l  of f  very rapidly ( farczr  than exp ( - 1  y ( / 6 ) )  inside 
the melt. The force dis t r ibut ion,  depending on a product of e l e c t r i c  and 
magnetic f i e lds ,  f a l l s  off more rapidly s t i l l .  Thus i t  r e m s  appropriate to 
concentrate our atcention on the f i e lds  and forces a t  the rurface of the melt, 
where they a re  larges t ;  however, by (2.2.13), there f i e lds  a r e  a11 that  are  
needed to  calculate the power requirementr. 
A t  the surface, we have 
-kb 
cos kx dk ; 
where EZ ( 0 )  i s  short fo r  Ez(x,yO), e tc .  These integrals  can be evaluated 
i n  terms of cer ta in  generalizations of Beseel functions knmn as  Struve 
£unctions(19), Beseel functions of the ~econd kind, and elementary function8 
by writing the cos kx and s in  kx t e r n  i n  exponential form and uring the 
hwn resu l t r  (18) 
and 
together  with the  r e s u l t ,  obtained fro111 (2.3.12) by d i f f e r e n t i a t i n g  with 
respect  t o  the parameter p,  
Eqs. (2.3.17) and (2.3.19) a r e  valid t o r  He p '., 0, Iarg a1 < n12, condition8 
which a r e  always f u l f i l l e d  i n  the prolllc.~n of i n t e r e r t  here. I n  there  
equations, li, and H a r e  the  Struve funcl ions of t he  f i r r t  and second orders .  
--2 
Tbby should not be confused with Hankel kunctione which a r e  a l s o  frequenty 
denoted by H's b u t  without the t i l d e  . (Aleo, although we ured the t i  lde elee- 
where t o  denote vec t o re ,  the S t  ruve function8 a r e  of courre not vet: L . , L - P ) .  
We find tha t  the f i e ld8  a t  the  rurface can be expressed a3  
and 
16 LA 5 4 - 1  , LA+ZE+(A-)~(A-) B~(w-Y,(w\~ (2.3.12) Hy(0)-G2 0 (1+5 ) - A+ d . 4  9 
where 
A+ = 0[(1-5) + i ( 1 4 ) I  D 
0 = b/b , 
and 
7 = x/b . 
The va r i a t i on  i n  t he  complex variable8 A+,  A- a8 5 increarer  from zero i s  
rketched i n  Fig. 2.3.3. I t  should be notad t h a t  we have expresred each f i e l d  
i n  terme of the  product of a coe f f i c i en t  which i e  s!-tlrr t o  the  f i e l d  f o r  
t he  i so l a t ed  wire  and a function ot the dimensionleee variable8 0 and 5 .  
Thue the  most appropriate  combinations of var iab le r  f o r  studying t he  problem 
have been i den t i f i ed .  Also, we may make u8e of the  known proper t ies  of the 
Struve and Beasel funct ianr  t o  ob ta in  i n  a r t r a i g h t f o r ~ a r d  way usefu l  
numerical r eeu l t r .  
!Je could now w r i t e  down general exprersione f o r  the  force d i s t r i bu t i on  
a t  the surface,  but we f ind it more convenient t o  conrider  f i r s t  the f i e l d s  :,I 
the  la rge  and small P regions. 
For la rge  $ (B >> I ) ,  A t  and A- w i l l  alwaye be large i n  magnitude, 
and we may use the  aoymptotic expreesions (19) 
These expansions a r e  va l id  on the  e n t i r e  f i r s t  eheet of the  complex plane 
except f o r  the negative r e a l  a x i s ,  which, ae Fig. 2.3.; shcme, i s  never crossed. 
Al te rna t ive ly ,  we can s e t  y = 0 i n  Eqe. (2.3.11'-13'), and expand the rernalning 
square roots .  E i ther  way, we obtain the  aeymptotic expanalone 
and 
The next term i n  H (0) i s  of order  B - ~ .  Y 
FIG. 2 . 3 . 3 .  THE COMP1.EX A-PLANE CUT ALONG THE NEGATIVE REAL 
A X I S ,  SHWING THE VARIATION OF THE FUNCTIONS 
h , ,  A _ ,  (EQS. 2.3.23a.b) WITH THE PARAMETER [. 
FOR F LESS THAN ZERO, A+ and A, ARE INTERCHANGED. 
For small +that  is, fo r  the wire very close to  the melt---we can 
use expansions (19'20) of the  5'1 and x's val id fo r  small values of the 
argument t o  obtain 
I n  t h i s  case we have only displayed terms through 8 ;  the f i r s t ceg lec t ed  
2 terms are  proportional t o  R . Through t e r n  i n  B, H (0) is rea l .  Y 
Now by using the r e l a t ion  (Eq. (2.2.11)) 
where 
we may find the force d i s t r i bu t ion  a t  the surface i n  the two s i tua t ions  
( la rge  B and small B) for  which we have given expressions for  the f i e l d  
components. Since 
-4 h 
E = E k and z* = 11: ? + H* 7 , 
Z Y 
the force d is t r ibut ion  has i n  general two components, one normal t o  the 
surface 
and one tangential  t o  the surface 
In the asymptotic (@ >, 1) regime, we find from Eqs. (2.3.24-26), 
(2.3.30) and (2.3.31), that 
There .+re several general observations that can be made about these force 
distributions: 
1. fn, as would be expected, is a force 2 the melt, tending to deform it 
awe y from the wire. 
2. it is a stretching force, tending to pull the surface of the melt away 
from the line of closest approach. 
3. Both force components fall off rapidly when ( ~ 1  becomes large. 
4. The coefficients of B-l, B - ~ ,  etc., are bounded for large 5 ; 80 it is 
clear the expansion is valid for large B for all values of C. 
5. The maximum value of 1 ftl occurs approximately at IF I = 1/,f7; 
the maxirrmm of f is of course at 5 = 0. 
n 
6. For large p ,  the ratio of the tangential force to the normal force is 
very small. To be specific, 
so ft MX is less than 1 percent of f max for B r 5. 
n 2 2 
In Fig. (2.3.4), we have plotted fn(0)/(UOI /nb 8) ar a function 
of the normalized distance along the pulling direction r; for fi = 5 and 
p = . It is obvious from the curves that thir quantity depends only very 
weakly on 0 for B 2 5, and tabulation or plotcing for other R values in the 
2 2 4  
asymptotic range is unnecessary. In Fig. (2.3.5), we plot ft(0)/(wol /n b ) 
1 .  2 . 3 . 4 .  NORMAL For :E DENSlTl AT MELT SURFACE, FOR 1VD VALUES OF 
B = b l 6 ,  AS A FUNCTION OF 5 = x 'b, THE N O W I Z E L  DISTANCE 
ALONG THE MELT AWAY FROM THE LINE OF CLOSEST APPROACH 
(C = 0) OF THE SHAPING WIRE. C(IR\1ES ARE SYMME'MtICAL ABOUT 
F I G .  2.3. h .  TANGENTIAL FORCE DENSITY AT MELT SURFACE, FOR nJo VALUES 
OF B - b 1 6 ,  AS A FUNCTION OF F = x/b, THE NORMALIZED 
DISTANCE ALONG THE hELT AWAY FROM THE L I N E  OF CLOSEST 
APPROACH (F = 0) OF THE SHAPING WIRE. CURVES ARE ANTI- 
SYMMETRICAT. ABOUT ? = 0 .  
vs. F:, again f o r  0 = 5 and B = a .  The same weak dependence on $ i s  observed. 
While we have normalized the  curves so  a s  t o  p lo t  quan t i t i e s  tha t  a r e  f i n i t e  
f o r  large 8, ac tua l l y  f + and f t  4 0 a s ' @  - m f o r  fixed b. I n  Fig.  (2 .3.6) ,  n 2 2 3  2 3 we p lo t  on the same a r e s  fn(0)/(uoI  117 b ) and f t (0) / (u ,~21n b ) vs.  5 fo r  
B = 5. I n  t h i s  graph, the forces  a r e  normalized t o  t he  magnitude of t he  t o t a l  
force exerted by the i so l a t ed  wlre  on a t e s t  cur ren t  a t  the  corresponding 
poin t .  ['he r e l a t i v e  smallness of the  tangent ia l  fo rce  i s  obvious. 
I n  t he  small $ (0 << 1) regime, we f ind from Eqs. (2.3.27-31) 
We not ice  the  following fea tures  of these expressions: 
1. The forces  a r e  i n  t he  same d i r ec t i ons  a s  they were f o r  l a rge  $. 
2 .  For given fixed values of b and F ,  the  forces  a r e  much smaller f o r  a 
given small value of $ (say B = 1 1 5 )  than they were fo r  a corresponding la rge  
value of $ (say R = 5). This is simply because i n  the small-e case the  force 
d i s t r i b u t i o n s  extend i n t o  the  melt .  
3. The logarithmic term i n  fn ind ica tes  tha t  the expression (2.3.34) may 
not be va l id  f o r  large 5 .  
4. For moderately l a rge  % ' a ,  the  tangent ial  force may be r e l a t i v e l y  la rge ,  
even la rger  than the  normal force. 
5. For fixed 6 and very small b ,  the shaping force fn only increases  
2 
a s  l / b ;  while i t  increased as  l / b  i n  the region where b was larger(Eq. (2.3.32)). 
Thus i t  seems probable tha t  there  i s  a point  such t h a t  moving the  wires  i n  
fur ther  t o  get a l a rge r  force w i l l  not be worthwhile, s ince the  problems 
a r i s i n g  from any mechanical i n s t a b i l i t i e s  w i l l  be g r ea t ,  and the  gain i n  
shaping forces  not so la rge .  These remarks s u f f i c i e n t l y  descr ibe the smell-f3 
s i t ua t i on  so graphs of the force d i s t r i bu t i ons  w i l l  not  be necessary, par t icu-  
l a r l y  s ince the regime where Eqs. (2.3.34-35) hold is not of g rea t  p r ac t i ca l  
i n t e r e s t .  Values of f i e l d s  and forces  f o r  intermediate values of B could 
readi ly be obtained numerically i f needed. 
F I G .  2 . 3 . 6 .  NORMAL AND TANGENTLAL FORCE DENSITIES, NORMALIZED TO 
MAGNITUDE OF FORCE ON TEST CIJRRENT AT 5 = 0 ,  FOR = 5 .  
2.4 Determination of Degree of Shaping 
2.4.1 Introduction 
In this section, which for greater clarity will be divided into 
several subsections, we will develop expressions for the electromagnetic 
work done in changing the ribbon thickness, for the surface energy change 
with thickness, and for the ehaper current required to shape the ribbon to 
a selected thickness. Power required for shaping is discussed in the fol- 
lowing section. We shall consider first an isolated ribbon--a strip of 
liquid metal of fixed cross-sectional area extending a long way in both 
( 2 )  directions from the shaper--and then the McDonnell-Douglas RMGS setup , 
where the ribbon is pulled from a sphere of molten Si near the shaper. 
Aside from its analytical simplicity, the isolated ribbon case is important 
for several reasons: 
1. The critical ihickness-limiting factor for the isolated ribbon is the 
sharpening of the melt curvature at the ribbon edges. It has been necessary, 
awing to the complexity of the problem, to Ignore chis in the RMGS calcu- 
lation''') ; so the isolated ribbon provides an opposit ?-limit approximation 
to the true intermediate situation. 
2. In terrestrial experiments(", gravity will tend to inhibit shape changes 
along the meniscus between the ribbon and the molten silicon supply. Thus, 
the cross-sectional area at the shaping level will be difficult to change 
and the shaping should be rather similar to that in the isolated ribbon. 
3. Suggestions have been made for shaping thin ribbon by passing it through 
a series of progressively narrower coils, or by preliminariiy shaping it 
by some other method and then finally thinning it electromagnetically. The 
isolated ribbon is clearly a good approximation to these situations. 
The ultimate thickness of the ribbon is conveniently calculated by 
the energy balance mahod. A a  the ribbon becomes thinner, the change in 
surface free energy to shape it further increases--that is, it becomes more 
and more difficult to shape the thinner it gets. Meanwhile, the normal 
electromagnetic force on the ribbon i s  l e s s ,  the thinner i t  i s ,  and there 
w i l l  be lees  and l e s s  electromagnetic energy avai lab le  t o  do the work of 
fur ther  ehaping. The thickness a t  which the f ree  energy required fo r  an 
inf in i tes imal  fur ther  thinning is  just  equal t o  the  electromagnetic work 
required to do t h i s  thinning w i l l  be the ac tua l  thickners of the ribbon i n  
a given f i e l d .  We f i r s t  determine t h i s  ultimate thickness for  a f l a t  ribbon 
of f i n i t e  width with circular-cyl indrical  terminations, such a s  discussed 
i n  previous work (1.14) 
2.4.2 Surface Free Energy for  Isolated Ribbon 
We consider a ribbon of width W and thickness t ,  with curved 
erris of semicircular cross-section of radius t l 2 ,  a s  shown i n  Fig. 2.4.1. 
Most of the increase i n  surface energy on shaping comes from the end regions, 
which is why they must be included. I f  the cent ra l  port ion of the ribbon i s  
indeed f l a t ,  t h i s  configuration with the semicircular ends w i l l  be t ha t  of 
lowest f r ee  energy. We w i l l  assume tha t  the ehaping takes place uniformly 
over a region of height H i n  the pull ing d i rec t ion;  the  shape of the normal 
force vs. distance curve along t h i s  d i rec t ion  (Fig. 2.3.4) ensures t h a t  t h i s  
approxirnation(made impl ic i t ly  by ~ a u l e '  and Partore ( I4) )  rill be reasonably 
good. Then i f  we consider the  ribbon being shaped from a width W1 and thick- 
ness t l  to a width W2 and thickness tp, the change i n  surface f ree  energy is  
A ES = y H[ (2W2 + n t2 )  - (2W1 + n t l ) ]  , 
with the constraint  
wi,,re y i s  the surface tension. I f  we l e t  t2 = tl - A t  (so A t  is a pos i t ive  
quant i ty) ,  and t a k e  the l i m i t  of AES/At as  A t  goes to  zero, we find 
shaping coil 
F I 1 . 1 . ASSUMED CONF IGURAT ION AND NOMENCLATURE FOR DETERMINATION 
OF DEGREE OF S H A P I N G  OF MOLTEN RIBBON BY HAIRPIN COIL 
2.4.3 Electromagnetic Preeaure 
Although the  eddy current  force 18 a volume force ,  other  din-  
cussi  ons 1 * 2 1 1 1 4  have aseumed i t  could be conaidered a r  a p r e sm~re  a t  the 
eurface of the  melt. For purpoeee of compariron wi th  t he  volume force 
equations which follaw, we w i l l  diecuee t h i8  approximation b r i e f l y .  I f  p ( t )  
i r  t he  electromagnetic pressure exerted when the  ribbon thickners  i s  t ,  the 
electromagnetic force on the  ahaplng region i r  p(t)WH, neglect ing t he  small 
t o t a l  fo rce  on t he  eemicircular regionr .  Then the  work done on one ha l f  of 
t h e  melt i n  compressing it from thicknees t l 2  t o  ( t  - At) 12 i s  m h t 1 2 ,  where 
- p i s  t he  averrge preeeure exerted over the  range A t / 2 .  (Alro W is  the  
average width, but we may ignore the  weak dependence of W on t ) .  I f  A t  i e  
emall,  p i s  eube tan t ia l ly  conetant between t and t - A t ,  a d  the  t o t a l  e lec t ro-  
magnetic work done on both faces is 
o r  in  t he  l i m i t  
I f  y e  Fmagine t he  ribbon being squeezed thinner  and thinner  by 
t h e  f i e l d ,  the  process w i l l  continue u n t i l  the  work required for  an 
in f in i tes imal  fu r the r  reduction i n  thickneee i e  j u s t  equal t o  t ha t  ava i lab le ,  
t h a t  i s  when 
(1) I f  t h i s  occurs a t  a thickness o f ,  say, t f ,  then shaping s tops when 
2.4.4 Electromagnetic Work-Volume Forces 
I f  we describe the  s i t u a t i o n  i n  terms of fn ,  the  n o m l  component 
of the volume force  on the  melt ,  then t he  pressure i n  the  above equations 
i e  replaced by the i n t eg ra l  of f --In pa r t i cu l a r ,  
n 
fn(y)dy (both ~ a c e s )  . clt 
-m 
This formula was derived by ~ a u l e '  and pastore(") ; we obtained i t  independent,, , 
but omit the  praof.  The l m e r  l i m i t  on the  i n t eg ra l  should more properly be 
- t / 2 ,  but because of t he  rapid f a l l o f f  of t he  force  i n s ide  the  melt,  taking 
t he  l i m i t  t o  -CO is an exce l len t  approximation a s  long a s  the ribbon l a  a t  
l e a s t  3 o r  4 skin-depths thick.  Ag-471, t3e  smell contribu*ion from the semi-- 
c i r c u l a r  regions has been neglected. 
2.4.5 I so la ted  Ribbon--Large B appro xi ma ti^^ 
To proceed, the  i n t eg ra l  i n  Eq. (2.4.5) must be evaluated. This 
can be read i ly  done i n  t he  regime where the parameter 0 ,  the r a t i o  of the 
d i s tance  of the  wire  from the melt t o  t he  akin depth, i s  large.  The type of 
approximations required have been already diecussed (Sect ion 2.3) ; we on1 y 
have t o  general ize s l i g h t l y  t o  obtain approximations va l id  f o r  y not equal 
t o  zero. On the  aesumption t h a t  A i s  l a rge  enough tha t  only the  f i r s t  terms 
of the asymptotic expansions cont r ibu te ,  we ge t  from Eqs. (2.3.11) and (2.3.12) , 
a f t e r  expanding t he  square roo t s ,  
where we r e c a l l  5 - xlb and 7 - ylb. Higher-order tennr can be obtained i f  
desired i n  terme of e r r o r  function8 of complex argument, but  a more .  factory 
procedure for  obtaining the dep-ee of rhaping f o r  moderate B'r i r  dnrcribcd 
i n  the next eubsection. Then since 
we f ind 
i n  an obvious notation. I n  agreement with our prevloue approximation we only 
need fn  f o r  5 =z 0,  So fo r  the i n t eg ra l  of Eq, (2.4.5) we obtain 
Thus shaping may be considered t o  proceed u n t i l  
with the colsetraint t, + 2bf = 2B, where 2B i r  the  d i r tance  acroee the shap- 
ing c o i l  ( Fig.2.4.1). Eq. (2.4.10) may be rewri t ten 
7 t f  2 
t f  = K  b f -  = K(B --) 
2 ( 2  - 4 .  l l a )  
wh?re the  parameter 
has the  dimensions of an inverse length. I n se r t i ng  the value") appropriate 
t o  l iqu id  s i l i c o n ,  y = 0.72  N/m, we f i n d  
where 1 i s  the  peak c o i l  current  i n  amperes. Sinc? t w i l l  be a f r ac t i on  of f 
a millinleter and s ince  t he  ms cr~rrant  w i l l  c-only be given, we a l s o  wr i te  
where K i  = 150 A/(=) 'I2. 
Eq. (2.12.11a) i s  read i ly  solved fo r  t f :  
Al te rna t ive ly ,  we can consider we know the  ribbon Lhicknese we want t o  obtain 
and solve f o r  the cur ren t  lequired t o  achieve i t .  qiven the s i z e  of the 
shaping c o i l :  
B-tf/2 L 
1 - = K l - ; 7 2  =" , 
tf 
where the lengths B ,  b ,  and .f a re  a l l  t o  be expressed i n  mil l imeters .  We 
repeat  the  condit ions under vhich these equation0 can be used t o  predic-t the 
degree of shaping or  cur ren t  required: 
1. @ = b/b  should be la rge  (say 5 o r  more). 
2 ,  b must be considerably l e s s  than t (say no rmre than t / 3 ) .  
These requirements may be met by operating a t  a high enough frequency; we s h a l l  
see i n  the following sec t ion  tha t  t o t a l  power required increaees gradually 
with frequency, but even a t  the lowest frequencies l i a b l e  t o  be used, the  
approximations a r e  l i ke ly  t o  be s a t i s f ac to ry  in  any p rac t i ca l  s i t ua t i on .  I t  
should be noticed t ha t  i n  t h i s  regime the cur ren t  (though not  the pawer) required 
fo r  shaping t o  a given thickness i s  independent of the skin depth, and thus o i  
the operst  lng frequency . 
To provide some numerical examples, i f  one wants a ribbon 0.1) rrrm 
thick,  then i f  b is about 2.8 mm, a s  i n  the ~ ~ l l l e s t  c o i l  diecursed i n  Reference 
1, the rms current  required i s  around 660 A ,  while i f  the wires can be brought 
i n  so tha t  b is only .25 mm, the current  required is 59 A. Clearly the trade- 
off  of grea tes t  importance i s  tha t  betvcen ge t t i ng  the wire c l o w  enough t o  
get the current  d w n  and having i t  l a r j e  enough t o  car ry  the current  without 
melting. (Note tha t  b i s  the distance from the melt t o  the center  of the wire) .  
Of course i f  the wire comes extremely c lose  t o  the  melt,  the presence of the 
eddy currents  w i l l  a f f e c t  the current  d i s t r i bu t ion  i n  the wire; we w i l l  not 
pursue t h i s  extremely complicated problem, but jus t  point out t ha t  Lenz's Law 
s h w s  tha t  t h i s  e f f ec t  w i l l  reduce the force on the melt, and tha t  a somewhat 
higher current  w i l l  be required fo r  a given ribbon thickness than would be 
expected on the basis  of. the theory presented here. A rharp-pointed con- 
centrator(14) may be a good way t o  get 'ine current  c lose  t o  the mell; it w i l l  
s t i l l  c l ea r ly  have t c  reach a t  l e a s t  a s  c lose  a s  the  distance b ,  though. 
The work of ~ a u l e '  and Pastore (I4) has been used(*)to estimate 
power and Lurrent requirements for  electtomegnetic shaping. Their approach 
and assumed physical s i t ua t ion  a re  ra ther  d i f f e ren t  from our s ,bu t  a canparison 
insofar  a s  is  possible shows the  following: 
1. They do not discuss t he  distance of the c o i l  from the melt, and because 
of the nature of t h e i r  approximations apparently did not r ea l i ze  the importance 
of t h i s  parameter. 
2 I 2 .  They assume Hx(O,O) = F, and b = t / 4 .  From Eq. (2.4.7), we see 
I By comparing these equations, we see tha t  t h e i r  assumptions Hx(O,OI = $. 
amo-mt t o  taking 0 = 2/n. But otherwise t h e i r  equations are  s imilar  t o  those 
based on the asymptotic expansions discussed above. Thus it appears t ha t  they 
are  using asymptotic formulas i n  a region (@ not >>I) where they do not apply. 
3. The f a c t  t ha t  they considered Ge, with a surface tension about 0.6 N/m, 
rather  than S i ;  a factor  of 2 e r ro r  i n  t h e i r  equation for  the pressure; and 
the i r  other approximations enabled Gaule' and Pastore t o  find the ra ther  small 
value of 1 2  A required fo r  shaping to  . 3  nm thickness. 
2.4.6 I so la ted  Ribbon--Arbitrary 0 
By evaluat ing an i n t e g r a l  numerically, we may extent  t he  r e s u l t s  
of t he  previous sec t ion  t o  smaller  0 ' s  and determine the  range of v a l i d i t y  
of the  asymptotic approximation used there.  
Eq. (2.4.5) may be rewr i t ten  
Introducing t he  i n t e g r a l  expressions (eqs. (2.3.11) a d  (2.3.12)) for  
EZ and Hx,  we may w r i t e  t h i s  a s  
and 
where 
Changing var iab les  of t h i s  t r i p l e  i n t e g r a l  t o  = y/b, u = bk and v = b q ,  and 
doing the  7 i n t e g r a l ,  which is a simple exponential,  we find 
where 
rio -0 (u+vj 
F(8) du dv e ~ r n  f(u,v) , 
0 ' 0  
and 
The quantity f(u,v) can, i f  desired,  be separatea a lgebraical ly  in to  i t s  r ea l  
and imaginary pa r t s ,  but  i t  is e a s i e r  and f a s t e r  computationally t o  l e t  the 
computer take care of t h i s .  The function I m  f(u,v) var ies  smoothly and i s  
generally well-behaved i n  the f i r s t  quadrant of the u,v-plane. It has a 
value of unity a t  the  or ig in  and f a l l s  smoothly with f i n i t e  slope i n  a l l  
d i rec t ions  from there. The function becomes s l i g h t l y  negative near the  u-axle 
f o r  u greater  than about 0.75, but t h i s  introduces no d i f f i c u l t y  i n  evaluation 
of the in tegra l .  It is  simpler f o r  comparison with previous ca lcula t ions  t o  
change variables again t o  s = Bu and t = Bv; then 
with f a s  given above. Comparison with Eqs. (2.4.5) and (2.4.9) shows our 
previous asymptotic approximation amounts t o  taking G(B) = 1, independent of 
6. 
Since the integrand of (2.4.16b) is  i n  the form of a double Laplace 
transform, it seems natura l  t o  t r y  t o  evaluate by means of a product Gauss- 
1,aguerre numerical in tegra t ion routine(21). Such a routine was wri t ten  and 
used to  evaluate G(0)  i n  the range 0.5 5 $ S 44. Fig. 2.4.2 s h w s  resu l t s  
fo r  @ between 0.5 and 6. A t  B = 44, G(B) = 0.9770. The evaluation used the 
f i r s t  16 x 16 points of a 28 x 28 Gauss-Laguerre scheme. (Because of the 
generally decreasing nature of the integrand, points fur ther  from the or ig in  
do not contribute appreciabl) t o  the in tegra l ,  and i t  is a waste of time t o  
evaluate them), The accuracy of the integration routine was tes ted  by trying 
some incegrands which could be integrated numerically, and a l so  by redoing 
the in tegra l  of in te res t  hiire f o r  several  0 ' s  by 16 x 16 point Gauas-iegendre 
quadrature i n  36 or 81 subintervals. I n  the l a t t e r  procedure, appropriate 
upper-limit cutoffs  to  the in tegra l  must be introduced; there  i s  no problem 
- 7  doing t h i s  so tha t  the remainder i s  negligible.  It was found t h a t  the  
simple Gauss-Laguerre procedure could be re l i ed  on t o  5 decimal place8 fo r  
FIG. 2 . 4 . 2 .  THE FUNCTION G(p) DEFINED BY EQS (2.4.16b) 
AND (2.4.15~) 
fl 2 2.5, and gave an e r r o r  i n  G(0) of only 0 .77  percent for  0 = 0.5. The 
e r r o r  as  a function of Fl is graphed i n  Fig. 2.4.3. The value returned by the 
Gauss-Laguerre quadrature program i s  invariably s l i g h t l y  higher than the t rue  
value. The quadrature scheme w i l l  be ra ther  inaccurate for  very small 0 ' s .  
but the small B region i e  not of much physical i n t e rea t .  
It is  apparent t ha t  the asymptotic approximation i s  not very accurate 
for  $ 'a  i n  the  range discussed e a r l i e r .  For the problem of shaping a t  con- 
s t a n t  volume discuesed there,  a l l  t h a t  needs t o  be done t o  make the theory 
correc t  for  any 0 is t o  replace bf i n  Eq. (2.4.10) by b f / ( ~ ( ~ ) )  'I2. Thus, the 
current  required t o  achieve a given degree of shaping w i l l  be a fac tor  (G(fl)) -112 
l a rge r  than would be calculated from the asymptotic expansion. For B = 2/n, 
the current  required fo r  shaping t o  a given thickness is 2 . 1  times la rger  than 
the asymptotic value. 
2.4.7 Degree of Shaping i n  RMGS Configuration 
I n  a recent study(*) a t  HcDonnell-Douglas of p o t e n t i a l i t i e s  fo r  
space manufacture of S i ,  a technique termed Ribbon from Melt Growth i n  Space, 
o r  RMGS, has been described. I t  i s  discussed b r i e f l y  elsewhere i n  t h e  report ;  
the sa l i en t  idea a s  f a r  a s  the present disctiesion is  concerned i s  tha t  the 
ribbon i s  drawn through the  shaper from a f ree ly  f loa t ing  sphere of molten 
Si .  The cons t ra in t  of constant cross-section then no longer operates; one 
may look a t  the  process a s  one i n  which the  excess S i  is squeezed back in to  
the sphere when the c o i l  current  i s  turned up t o  th in  the  ribbon. Since the 
sphere radius i s  la rge ,  one might an t ic ipa te  t ha t  the f r ee  energy charge on 
shaping would be less than that  calculated previously. We wish t o  assess the 
e f f e c t  of t h i s  change i n  configuration on t h e  degree of shaping for  a given 
c o i l  current .  
An analysis(") has recently been made by R.  Rochat of McDonnell- 
Douglas of  the expected shape of the meniscus from the ribbon t o  the sphere 
and of shaping pressure, assumed applied uniformly over a height  H ,  required 
to shape the ribbon t o  a given f i n a l  thickness. Numerical methods were 
required for t h i s  ana lys is  and the  r e su l t s  have been presented graphically. 
FIG. 2 . 4 . 3 .  ~ P R O R  IN CALCULATION OF G ( B )  BY 16 x 16 ORDER 
PRODUCT GAUSS- LAGUERRE QUADRAWRE 
We have not had an opportunity t o  check t h i s  work independently, but  find no 
reason t o  doubt i t s  correctness .  The e f f e c t s  of the  curvature a t  the edge 
of the ribbon have not  been included, but thin may not be e severe approrimation 
t n  these circumstances. One parameter en ter ing  the  ca lcu la t ion  is the r a t i o  
of the height  of the region being shaped t o  the t o t a l  v e r t i c a l  height of the 
meniscue region. The present discussion w i l l  be most appropriate  when t h i s  
r a t i o  is not too large--say 1/2 or  l e s s ;  hcuever, the r e s u l t s  of t he  surface 
s t r e s s  ana lys is  do not  depend strongly on t h i s  parameter. 
The principal  r e s u l t  of the  ana lys is  i s  tha t  the shaping pressure 
is  given, instead of by Eq. (2.4.4), by 
p = yf/H , (2.4.17) 
* 
where f i s  a dimensionless function of the ribbon thickness t ,  the  sphere 
radius Rs, the r a t i o  N discussed above, and H. The pr inc ipa l  propert ies  
of the  function f fo r  our purposes a r e  
1. f is always g rea t e r  than one. 
2 .  f o r  any reasonable s e t  of parameters, the value of Jf, which we 
w i l l  see  t o  be the  parameter of grea tes t  i n t e r e s t ,  w i l l  l i e  between 1 and 2. 
Generally it w i l l  be ra ther  c lo se  t o  1. 
From Eqs. (2.4.3), 2.4.16) and (2.4.17), we f ind the  peak current  required 
f o r  shaping t o  thickness t under these circumetances i s  given by 
I t  i s  i n t e r e s t i ng  t o  compare t h i s  t o  the  cur ren t  required f o r  shaping of an 
i so la ted  ribbon, IR, which can be found from Eqs. (2.4.2), (2.4.3) and (2.4.16). 
We obtain 
. Elsewhere in the repor t ,  f  denotes frequency. This dimensionless 
function f w i l l  only be used i n  t h i s  subsection. 
f / G  w i l l  be g r e a t e r  than un i ty .  t/2H might be small, bu t  i f  H is  l a r g e  so  
a r e  b and, consequently,  IR. To pursue t h i s  f u r t h e r ,  we need a s p e c i f i c  
r e l a t i o n s h i p  betveen H ,  t h e  he igh t  e f f e c t i v e l y  shaped, and b ,  t h e  d i s t a n c e  
of t h e  wi re  from the  melt. A reasonable approximation may be obtained by 
averaging t h e  normal f o r c e ,  given by Eq. (2.3.32) f o r  l a r g e  B's, over 5 ,  
t h e  normalized d i s t a n c e  along t h e  ribbon. One ob ta ins  
A =: b r ( ~ )  s 
where 
1 1 r(e) = i - % + , g ~  . 
Now l e t  us s p e c i a l i z e  t o  t h e  case  we have f requen t ly  discussed,  
where 6 = t / 4 .  (One can r e a d i l y  genera l i ze  t o  o t h e r  r a t i o s ;  t ~ i s  i s  
discussed q u a l i t a t i v e l y  below). Then we can express  t h e  c ~ i r e n t  r a t i o  
- 
almost completely (except f o r  Jf ) i n  terms of t h e  dimensionless parameter 
9 : 
where 
@($) i s  p l o t t e d  i n  Fig.  2.4.4.  We see t h a t  f o r  small  enough $--8 l e s s  than 
2.5 f o r  df = 1--the r a t i o  IMGS/IR w i l l  be g r e a t e r  than un i ty ;  so f o r  small  
$ i t  w i l l  be m r e  d i f f i c u l t  to shape t h e  ribbon when it i s  a t tached t o  t h e  
s p h e r i c a l  m e l t .  For l a r g e r  @ I s ,  though, t h e r e  w i l l  be a diminution of cur ren t  
required f o r  shaping t o  a given thickness  from a given d i s tance  when the  
presence of the  spher ica l  melt i s  considered. 
I w i l l  a l s o  depend on @ of course; so more cur ren t  w i l l  be R 
required when b i s  l a r g e r .  Again assuming t / 6  = 4,  we can w r i t e  
B 
FIG. 2.4.4. THE FUNCTION @(0)  OF EQ. (2.4.21b), AND e i ( 0 )  
B i (B) i s  a l s o  p l o t t e d  i n  F ig .  2 .4 .4  and i s  seen t o  inc rease  slowly wi th  B .  
Thus t h e  advantage t o  be gained by b r i n g i n g  t h e  wire  i n  c l o s e  t o  t h e  melt  
i s  not extremely l a r g e ;  on the  o t h e r  hand, t h e  pena l ty  f o r  m v i n g  t h e  wire  
f u r t h e r  away i s  not so  g r e a t .  To g ive  a  s p e c i f i c  nrlmerical example, suppose 
6 = 100 bm. Then t h e  rms c u r r e n t  r equ i red  f o r  shaping a  400 +m ribbon 
is  given by 
Taking ,If = 1.03 as  a  not  un typ ica l  va lue ,  de f i n d  t h e  c u r r e n t  r equ i red  
f o r  va r ious  d i s t a n c e s  from t h e  shaper  t o  t h e  m e l t  a s  i n  t h e  fol lowing 
t a b l e  : 
TABLE 11. rms CllRRENT. AT 2 1 MHz REQUIRED TO 
SHAPE Si RIBBON TO 400 bm THICKNESS 
Sbaper-to m e l t  rms c u r r e n t  
d i s t a n c e .  b ( ~ m )  (A) 




I f  we had assumed a  r a t i o  t / 6  = 7 ,  say ,  i n s t e a d  o f  4 ,  we would o b t a i n  a  
f a c t o r  of ( 4 / ~ ) l / ~  on t h e  r i g h r  s i d e  of (2.4.23).  Thus some saving i n  cur- 
r en t  r equ i red  can be obta ined by reducing 6 .  But t h e  only  way t o  do t h i s  
-'I2 I a ,-'I4; so the i s  t o  inc rease  the  o p e r a t i n g  frequency. Since 6 w , 
frequency must be increased by a  f a c t o r  of 16,  t o  over 330 MHz i n  t h e  
s i t u a t i o n  descr ibed above, t o  cu t  the  c u r r e n t  required by h a l f  .* The ac  
r e s i s t a n c e  of both t h e  shaper  c o i l  and t h e  melt w i l l  a l s o  inc rease  wi th  cu; 
t he  combined e f f e c t s  of a l l  t h e s e  changes a r e  d iscussed i n  Sect ion 2 .5 .  
* o r  l e s s ,  i f  t he  frequency dependence of f? O (B) i s  considered.  
2.4.8 Degree of F la tness  
We have assumed t o  t h i s  point tha t  the ribbon was e s sen t i a l l y  f l a t ,  
i t s  c ross  sec t ion  a t  t he  plane of the shaper being a  rectangle terminated by 
hJo semicircles  as  i n  Fig. 2.4.1. While the physical s i t ua t i on  surely 
ind ica tes  t h a t  the  ribbon w i l l  be f a i r l y  f l a t ,  i t  would be useful  t o  have 
some measure of what the  departure from f l a tne s s  might be. I n  t h i s  sec t ion ,  
we est imate t h i s  quant i ty  f o r  the  case of l a rge  i3 where the departure from 
f l a tne s s  i s  most l i k e l y  t o  be s i gn i f i c an t .  To make such an est imate,  we have 
t o  make some assumption a s  t o  the shape of the ribbon c ross  sec t ion ,  since 
we do not know what t he  shape of low?st t o t a l  energy w i l l  be. We wi l l  t a k e  
t he  c ross  sect ion t o  be an e l l i p s e  of the same area a s  the  f l a t  ribbon. Then 
by t ry ing  e l l i p s e s  of d i f f e r e n t  e c c e n t r i c i t i e s ,  we can determine the e l l i p t i c a l  
shape of l e a s t  t o t a l  energy, which should be good approximation t o  t he  ac tua l  
shape taken up by the ribbon a t  the plane of the shaper. 
The geometry of t he  s i t u a t i o n  is i l l u s t r a t e d  i n  Fig. 2.4.5.  The 
equation of the  melt surface is  
where t he  area of the  c ross  eect ion i s  
Since A i s  f ixed,  i f  we s e l ec t  a  t r i a l  value f o r  the  semi-minor ax i s  p  
(presumably a  l i t t l e  more than t / 2 \ ,  q i s  determined; so there  i s  jus t  one 
f r ee  parameter t o  vary. 
Again assuming the  shaping takes place uniformlv over a  height H ,  
the  change i n  surface energy on going from the f l a t  t o  the  e l l i ~ t i c a l  c ross  
sec t ion  i s  
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where E denote. a complete e l l i p t i c  ~ n t . g r . 1 ' ~ ~ ) .  The correrponding change 
i n  e l ec t romrgns t i c  energy may be epproximrtsd by arruming t h a t  each small  
element A t  of  t h e  melt  i r  p a r t  of a very wide f l a t  p l a t e  of t h i c k n e r r  t ( t )  
and d i s t a n c e  b ( t )  from t h e  s h a p ~ r .  Since  t h e  ehape of t h e  mel t  cn ly  chc.r,es 
g radua l ly ,  t h i s  should be a ,300d approximation. Then the  change i n  e l e c t r o -  
magnetic energy on going from the  f l a t  t o  the  s l l i p t i c a l  c o n f i g u r a t i o n  i s  
obta ined by c a l c u l a t i n g  t h e  energy change f o r  each region of width  Ar 
using Eqs. (2.4.5) and (2 .4 .8) .  and s u m i n g  over a l l  t h e  e t r i p s  from z = -W/? 
t o  z = +W!2. For consistency w i t h  t h e  previour  approximati  .no we again  
n e g l e c t ,  i f  poes ib le ,  the  e lect romagnet ic  fo rces  on t h e  v s r y  edger of the  
ribbon. Thus we have 
where 
The c u r r e n t  I is f ixed  a t  t h e  va lue  t h a t  war c a l c u l a t e d  necereary  tn qhape 
a f l a t  r ibbon of th ickness  t ,  s o  i t  is  given by Eq. (2.4.10):  
where bf denotes  the  value  of b f o r  a f l a t  ribbon. What we want t o  do i r  t o  
c a l c u l ~ t e  t h e  t o t a l  energy change AEtotal  = Aye AWk an a func t ion  of t h e  
amount of "bulge" i n  the  ribbon (.C i t ,  F ig .  2 . 4 . 5 ) ,  and t h e  o t h e r  parametere,  
and t o  s e e  whether t h e r e  i s  some value  of 1, f o r  which the  energy change i s  a 
minimum and negative--if  t h e r e  i s ,  a conf igura t ion  s i m i l a r  t o  t h a t  e l l i p t i c a l  
one w i l l  probably be  taken up by the  r ibbon.  The i n t e g r a l s  i n  Eq.  (2.4.25) 
can be done a n a l y t i c c l l y ,  b u t  s i n c e  t h e  r e e u l t r  a r e  r a t h e r  complicated.  we 
s h a l l  j u s t  present  some r e s u l t s  g r a p h i c a l l y .  I t  w i l l  be convenienc t o  d i ~ i d e  
both AEs  and AWk by the  facLor (2 y w H / ~ ) ,  and t o  compare the  diraenrionlcss 
q u a n t i t i e s  r e s u l t i n g .  I f  ve a l s o  t ake  a s  a d imenrionlesr  independent v a r i a b l e  
t h e  f r a c t i o n a l  bulge a t  the  ribbon center* CY : 2 C / t ,  v e  f ind  t h e r e  a r e  only  
* This  CY should not  be confused wrth t h e  D t h a t  was used i n  s e c t i o n  2.3 
two dimenrionless  parameters i n  t h e  problem: 
1. s = nt/4W, a q u a n t i b ?  depending on t h e  aspec t  of t h e  f l a t  i ibbon ,  doth 
bEs and AWk depena only  very  weakly on t h i n  parameter,  but  we w i l l  assumr a 
l a r g e  but  f i n i t e  aspecL r a t i o ,  W/t = 150, f o r  purposes of ca ;cule t ion.  
2 .  r = 2 b f / t ,  a  measure of t h e  r e l a t i v e  s!ze of t h e  shaping c o i l .  AEs of 
course  i s  Independent of t h i s  parametrr .  For our usua l  areumed cond i t ione ,  
where t = 4 6 ,  r Is r e l a t e d  t o  our u rua l  parameter 0 by r = 6 / 2 .  
Some c a l c u l a t e d  r e s u l t 8  a r e  shavn i n  F ig .  2.4.6. I t  appears  t i la t  
a l though t h e r e  i s  no small  change from f l a t  r ibbon f o r  which t h e  depar tu re  
r e r u l t s  i n  a decreaeed t o t a l  energy,  t h i s  i s  p r ? m r i l y  becaure a l a r g e  bulge 
i s  necessa ry  f o r  t h e  s u r f a c e  energy t o  dec rease ,  and i t  does appear t h a t  f o r  
some increae,? i n  th ickneee i n  excesr  of 30 percent .  ar? e l l i o t l c a l  c r o s s  
s e c t i o q  w i l l  be  more r t a b l e .  We have not made c a l c u l a t i o n r  t o  determine t h e  
minimum energy conf igura t ion  f o r  t h i s  region though, r i n c e  wi th  f u r t h e r  
inc reases  i n  th ickness ,  we a r e  g e t t i n g  r a p d i l y  i n t o  t h e  region where the  
asymptotic ap?roximation b reaks  down. Even ,f more e l a b o r a t e  c a l c u l a t i o n s  
(which could be  c a r r i e d  ou t  numerical ly)  shaved t h a t  t h e  t o t a l  energy change 
war never q u i t e  nega t ive ,  but only  reached a minimum, t h c  presence of such 
a law-energy c o n f i g u r a t i o n  could b~ important i n  determining t h e  e c a o i l i t y  
o f  t h e  system a g a i n s t  v i b r a t i o n s  o r  o t h e r  mechacical  p e r t u r b a t i o n s .  F i n a l l y ,  
we wish t o  re-emphasize :hat t h e r e  a r e  l i a b l e  t o  be  changas i n  ribbon shape 
between t h e  shaper  p lane and the  l e v e l  of t h e  f r e e z e ,  which we have no t  con- 
s ide red  i n  t h i s  s e c t i o n .  
2 .5  Power Requirements 
I n  t h i s  s e c t i o n  we e s t i m a ? ~  thi- t o t a l  p w e r  needed f o r  shaping t o  
a s p e c i f i e d  t h i c k n e s s ,  wi th  a c o i l  ~f given dimensions,  i n  both the  i s o r a t e d  
ribbon and RMGS s i t u a t i o n s .  
L 
..- .,.. .I ... _ .. - -, -, . I---- . - . - -  - I.-., . ..... ,-.1 . .. 1 - - . .. - . - . , .- -- --, . . .-, 
'.-I.,-- .. ., -" .""." I.'. ,.. ,,...l,,... . .  , ....-- 1' ' " -.-, "I-v-"."- ... . . . .----1.. 'I-- 
Fib. 2 -4 .6 .  CHANGE IN ELECTROMAGNETIC, SURFACE, AND TCTAL 
ENERGY WITX RELATIVE ELLIPTICAL DISTORTION OF %LT 
The t o t a l  s teady p w e r  Pt needed a t  the  input  t o  t h e  shaper c o i l  
w i l l  be t h e  sum of the  p w e r  d i s s i p a t e d  i n  the  mel t ,  Pm, and t h a t  d i s s i p a t e d  
i n  t h e  c o i l ,  PC. The p w e r  d i s s i p a t e d  i n  t h e  melt i s  given by t h e  r e a l  p a r t  
of t h e  i n t e g r a l  of the  Poynting vector  over t h e  ribbon sur face ,  Eq. (2.2.13) 
I n  the  asymptotic ( l a r g e  0) regime, we f ind,  using j u s t  t h e  f i r s t  terms of 
(2.3.20) and (2.3.21),  
where we r e c a l l  W i s  t h e  ribbon width and f is t h e  operat ing frequency. Use 
of t h e  asymptotic va lues  f o r  t h e  f i e l d s  i s  no t  a s  severe  &n approximation a s  
i t  was f o r  determining degree of shaping, and (2.5.1) w i l l  be c o r r e c t  t o  
w i t h i n  10 percent  a t  $ = 5 and more accura te  f o r  l a r g e r  0 ' s .  
If we take  t h e  c o i l  t o  have a c i r c u l a r  c r o s s  s e c t i o ~  of rad ius  a ,  
then t h e  power d i s s i p a t e d  in t h e  c o i l  is given by (23) 
where 
where p c  i s  t h e  . . ' es ic t ivi ty  of t h e  c o i l  mate r ia l  and L i s  the t o t a l  length 
of the  c o i l .  (3, is the  skin depth i n  the  c o i l ,  determined by pc a d  the  
operat ing frequency, and we have innde t h e  genera l ly  very good assumption t h a t  
a >> 6,. The p w e r  dissipated i n  the  c o i l  w i l l  f requen t ly  be coatparable to  
t h a t  d i s s i p a t e d  i n  che a e l t  ae ic must be included i n  any r e a l i s t i c  es t imate .  
Adding (2.1;. 1) and (2.5.2) , we obtain  
I n s e r t i n g  the value of the  c u t r e n t  obtained from Eq. (2 .4 .  l o ) ,  we f ind f o r  
the  i so la ted  ribbon 
In  t h i s  form i t  is c l e a r  t h a t  Pt a f1I2,  o r  Pt a 6-1/2. Thus f o r  a s p e c i f i e d  
ribbon thickness  and c o i l  dimension, t h e  power requ i red  may be reduced 
somewhat by running a t  a l a r g e r  akin  depth.  Of course  wi th  too l a r g e  a 
s k i n  depth the  n o r m 1  shaping fo rce  on one face  o f  t h e  ribbon w i l l  be re-  
duced by t h e  fo rce  coming through from t h e  o t h e r  s i d e ,  and the  shaping 
e f f e c t  w i l l  be reduced. Presumably t h e  optimum 6 f o r  given cond i t ions  could 
be e s t a b l i s h e d  by a numerical procedure such a s  t h a t  descr ibed i n  Sect ion 2 . 6 .  
Furthermore, we can see from t h e  d i scuss ion  of Sect ion 2 . 4 . 6  t h a t  t h e  c u r r e n t  
required d i l l  i nc rease  somewhat wi th  decrease  i n  frequency. Se lec t ion  of 
s u i t a b l e  opera t ing  vo l t age  and frequency cannot t h e r e f o r e  be made q u i t e  
independently.  
The n e c e s s i t y  of avoiding con tac t  between t h e  r ibbon and the  
shaper w i l l  doub t less  lead t o  some minimum c lea rance  t h a t  can be allowed 
between the  shaper and t h e  melt .  WhCle t h i s  w i l l  n a t u r a l l y  depend on the  
o t h e r  parameters of t h e  problem, let us assume t h a t  it can be taken a s  an 
independent design v a r i a b l e  and c a l l  it C .  Thus c = b-a. I n  t h e  i s o l a t e d  
ribbon s i t u a t i o n ,  it i s  easy  t o  show t h a t  t h e r e  is  an optimum value of the  
r a t i o  c /b  f o r  which the  power requ i red  i s  uinimum. I f  we assume, a s  i n  
some of t h e  McDonnell-Douglas c a l c u l a t i o n s ,  t h a t  L = 3W, and f u r t h e r  assume 
t h a t  t h e  c o i l  is  copper,  of  r e s i s t i v i t y  1 . 7  x o h m ,  then  t h e  o p t h m  
value of c / b  is 0.704, and roughly 40% of t h e  power i s  d i s s i p a t e d  i n  t h e  
c o i l  and 60% i n  the  melt .  I f  we assume our  usual  opera t ing  cond i t ions  
f  = 21.1 MHz, t = 400 pm, W = 6 cm, then t h e  t o t a l  power required is  simply 
given by 
where t h e  c learance c i s  i n  mi l l ime te r s .  For any reasonable value of c ,  
t h i s  i s  q u i t e  a s u b s t a n t i a l  power requirement,  enough t o  make e l e c t r o -  
magnetic shaping of an i s o l a t e d  ribbon r e l a t i v e l y  u n a t t r a c t i v e .  
In the  RMGS s i t u a t i o n ,  i f  we take as  u n i t y  the  funct ion f  d i s -  
i sed i n  Sect ion 2.4.7,  we have 
where Q ( 0 )  was given by (2.4.21b) and we must remember t h a t  w e  have a l ready  
spec ia l i zed  t o  the  case  6 = t / 4 .  I n  t h i s  case  we f ind  t h a t  r a t h e r  than 
there  being an optimum c b ,  f o r  f ixed c  the power required approaches 
a  minimum as  b e .  Exp l i c i t l y ,  
For t he  same condit ions as used above for  the i so la ted  ribbon, we f ind  
t ha t  t h i s  minimum power i s  only Pt RMGS (min) = 1.4 kW. Of course t he  
ac tua l  power required w i l l  be uore than t h i s ,  s ince b cannot be too la rge  
f o r  the  current  t o  be reasonable--a few values a r e  given i n  Table 111--; 
but i n  any event the  t o t a l  power requirement i n  these circumstances seems 
qu i t e  moderate, and much l e s s  than f o r  the  i so la ted  ribbon i n  s imi l a r  
circumstances. Thus alt!lough the cur ren t  required i n  the  RMGS conf igura- 
t i o n  is higher than t h a t  which might be expected from naive considerat ions,  
t he  power requirements a r e  such t h a t  the  process appears from t h i s  stand- 
point  r a the r  a t t r a c t i v e .  Of course the  i n t e r ac t i on  with t he  meniscus 
region, which would ce r t a in ly  increase the  power required,  ha3 not been 
included. A r e a l i s t i c  ca lcu la t ion  of t h i s  e f f e c t  appears ex t raord inar i ly  
d i f f i c u l t  , though. 
TABLE 111. POWER (IN kW) REQUIRED FOR SHAPING RMGS 
CCNFIGURATION AS FUNCTION OF DISTANCE b FROM 
MELT SURFACE TO CENTER OF SHAPER AND OF CLEAR- 
ANCE c BFXWEEN SHAPER AND MELT. 
2 . 6  Effects  of Freezing In te r face  
and of F i n i t e  Ribbon Thickness 
It  w i l l  be shown i n  Sect ion 2 . 7  tha t  t he  l iquid-sol id i n t e r f ace  
w i l l  typ ica l ly  be well  away from the  shaping region; thus t r ea t i ng  t h i s  region 
as  a l l  l iqu id  s i l i c o n  w i l l  general ly  be a very good approximation. It is 
possible ,  though, t h a t  the  i n t e r f ace  might be brought c lo se r  t o  the shaping 
leve l  by some aux i l i a ry  cooling method, and i t  would be of i n t e r e s t  t o  knav 
quan t i t a t i ve ly  what changes t he  presence of the  s o l i d  region would make t o  
the f i e l d s ,  forces ,  degree of shaping, e t c .  I n  th in  eect ion,  we out l ine  a 
numerical procedure which would enable one t o  determine the e l e c t r i c  f i e l d  
d i s t r i b u t i o n  i n  the s i t u a t i o n  described. From t h i s ,  the magnetic f i e l d ,  
forces ,  e t c . ,  can be estimated by standard numerical techniques. I '  there 
i s  negl ig ib le  time delay i n  t he  shaping c o i l ,  a s t r i c t  boundary condit ion a t  
t he  cen te r  plane of t he  ribbon ( so l i d  o r  l iquid)  i s  t h a t  the  e l e c t r i c  f i e l d  
be zero. By adopting t h i s  boundary condit ion,  we a r e  a l s o  enabled t o  inves t iga te  
e f f e c t s  r e su l t i ng  from the  ribbon being thinner  than r few sk in  depths (though 
a t  l e a s t  one sk in  depth thick)  by such a numerical technique. While cmpu te r  
subroutines have been wr i t t en  t o  handle most aspect6 of the numerical procedures 
involved, lack of time a t  the conclusion of t he  program has prevented ue from 
running these programs t o  any grea t  extent .  
The method adopted is  a modification of one due t o  S t o l l .  ( 2 4 )  This 
method i s  e s sen t i a l l y  one of f in i te -d i f fe rence  approximation t o  the s ca l a r  
Helmholtz equations fo r  the  complex e l e c t r i c  f i e l d .  S t o l l  has ingenuously 
modified t h i s  equation, however, t o  take the  magnetic f i e l d  boundary conditions 
i n t o  account, by assuming a smoothed s p a t j a l  var ia t ion  of the  magnetic 
permeability. The method is  appl icable  t o  f i e l d s  which depend on two dimensions 
only and t o  regions with rectangular  boundaries. Extension t o  more general 
regions might be poss ib le ,  but  would be qu i t e  d i f f i c u l t .  On the  other  hand, 
the method i s  read i ly  applied t o  any number of subregions of d i f f e r e n t  mater ia l s  
and t o  any number of current  sources, e i t h e r  d i s t r i bu t ed  o r  in f in i tes imal .  
To solve the  Helmholtz equations by a f in i te -d i f fe rence  method, i t  
i s  necessary t o  f i x  t he  f i e l d  on some su i t ab l e  boundary of t he  region within which 
a mesh of sample points  i s  to be defined. I n  t he  problems discussed by S t o l l ,  ( 2 4 )  
it  i s  possible t o  choose a boundary on which the e l e c t r i c  f i e l d  is  negl ig ib ly  
small, and may be taken t o  be zero. Even i n  these cases ,  many points  outs ide 
the eddy cur ren t  region must be included i n  the  mesh, though. I n  ou l i t u -  
a t i on ,  where there  i s  a  cur ren t  source i n  the  vacuum region outs ide t he  melt ,  
including enough points  i n  the  vacuum region t h a t  the f i e l d  be negl ig ib le  
i s  out of t he  question. We can, however, find a  boundary i n  the  vacuum 
region where the  r e a l  pa r t  of the  f i e ld  i s  negl ig ib le  and the imaginary par t  
i s  c lose  t o  t ha t  of the problem previously solved with the  ribbon assumed 
th ick  and e n t i r e l y  l iqu id .  Thus by having solved t he  previous problem, we 
can obtain a  su i t ab l e  s t a r t i n g  point f r m v h i c h  w e  can boots t rap  our way t o  
a  so lu t ion  i n  the  present more complex case. 
I t  is  possible  again, a s  i n  Sec. 2.3, t o  normalize a l l  d i s tances  
t o  b ,  the d i s tance  of t he  shaping wire from the  melt. Thus t he  only paras- 
eters enter ing  t he  problem a re  @, t he  r a t i o  of t he  ahaper dis tance b t o  the  
sk in  depth i n  t he  l iqu id  6 ;  F O  = xo/b, the  r e l a t i v e  d i s tance  t o  the  so l id-  
l iquid in te r face  from the  ehaping plane; P = PIP,, the  r a t i o  of t he  r e s i s t i v i -  
t i e s  i n  t he  l iqu id  and the  s o l i d ,  and the  exc i t ing  current  I. We w i l l  see 
t h a t  the numerical procedure w i l l  only be r e l i a b l e ,  wi th  a  mesh of reasonable 
s i z e ,  f o r  r a the r  la rge  e'e--say 8 2 10. The setup of the  region over which 
t he  f in i te -d i f fe rence  mesh i s  t o  be described is  s h m  i n  Fig. 2.6.1. We 
r e c a l l  t h a t  5 = x / b  and T) = y/b. By considerat ion of our previous r e s ~ l t s  
and of numerical r e s u i t s  on simpler problems,(24) we judge t h a t  a mesh s i z e  
of = .2 and A T  = .2@-' i n  the  l iquid and s o l i d ,  A1 = . 2  i n  t he  vacuum 
out t o  ll = 4 ,  and All = 1 f o r  T) > 4 should be su f f i c i en t  t o  determine the 
f i e l d s  t o  wi th in  a  f a ,  percent.  A portion of t h i s  mesh i s  a l so  shovn i n  
Fig. 2.6.1. 
From Eqs. ( 2 . 3 . 3 ~ )  and (2.3.10a), we can show, using the i den t i t y  (16) 
t h a t  tl,? unperturbed e l e c t r i c  f i e l d  i n  the vacuum region i s  given, f o r  l a rge  
8 ,  by 

where 
By e v a l u a t i n g  t h i s  express ion  f o r  l a r g e  B's and by numerical  c a l c u l a t i o n  of 
an  i n t e g r a l  f o r  x i n  a way s i m i l a r  t o  t h a t  of Sec. 2.4.6,  we found, f o r  
i n s t a n c e ,  t h a t  f o r  B 2 10: 1) t h e  r e a l  p a r t  of x would b e  no more than 7% 
of t h e  magnitude of t h e  f i e l d  a t  t h e  o r i g i n  a t  I] = 14, 2) t h e  imaginary 
p a r t  of x would be  more than one o rde r  of magnitude smal le r  than  t h e  r e a l  
p a r t ,  and 3) Re x i s  no more than 5% of t h e  logar i thmic  term. The s i t u a t i o n  
would of course  be  improved i f  we tookthe  s k i n  dep th  a s  t h a t  of t h e  s o l i d .  
Thus i f  we t ake  Tj = 14 a s  t h e  right-hand boundary of t h e  sample region,  and 
f i x  the  e l e c t r i c  f i e l d  t h e r e  a s  t h a t  due t o  t h e  logar i thmic  term (which w i l l  
be  t h e  same regard less  of e O ) ,  we might a n t i c i p a t e  reasonably accura te  r e s u l t s  
(though poss ib ly  5 t o  10% o f f )  i n  t h e  region of i n t e r e s t  n e a r  t h e  ribbon s u r f a c e .  
A s i m i l a r  a n a l y s i s  a long t h e  ribbon-vacuum i n t e r f a c e  (where t h e  logar i thmic  
term is zero)  i n d i c a t e s  t h a t  even f o r  t o  = 0 ,  s i m i l a r  accuracy could be obtained 
by going from = -4 t o  5 = +6, again  f i x i n g  E a long t h e s e  l i n e s  a s  t h e  value  
of t h e  logar i thmic  term. I n t e r i o r  t o  the  r ibbon,  i t  w i l l  be  s a t i s f a c t o r y  t o  
t ake  E = 0 on the  h o r i z o n t a l  boundar ies  a s  w e l l  a s  a t  t h e  ribbon mid-plane. 
With t h e  mesh descr ibed above, t h e r e  a r e  1911 i n t e r i o r  p c i n t s  a t  which the  
f i e l d  must b e  determined i f  these  l i m i t s  on 5 and T a r e  adopted.  Of course  
i t  i s  prudent t o  make t h e  l i m i t s  v ~ r i a b l e  i n  computer p rograming  i n  o rde r  
t o  allow f o r  p o s s i b l e  poor convergc!nce o r  f o r  f u t u r e  ref inement ,  bu t  t h e  
amount of computer time and memory required mount r ap id ly .  
By hypothesis  t h e  e x c i t i n g  c u r r e n t  wi re  (which we s h a l l  t ake  t o  be 
of i n f i n i t e s i m a l  s i z e )  l i e s  on a mesh point .  Since  t h e  mesh p o i n t s  a r e  c l o s e l y  
spaced, i t  w i l l  be s a t i s f a c t o r y  t o  assume t h a t  t h e  i n t e r f a c e  plane 5 = to  
passes through G rm of mesh p o i n t s .  One parameter of t h e  problem i s  e l iminated 
2 i f  we d e f i n e  a l l  f i e l d s  i n  terms of a re fe rence  f i e l d  E = pIl (2nb ) .  Then R 
t h e  f i e l d  a t  a given mesh po in t  Eo i e  given i n  t e r m  of f i e l d s  a t  ad jo in ing  
mesh p o i n t s  El-E4 (Fig .  2 .6 .2 ) ,  f o r  each of t h e  region8 of Fig.  2.6.1, by 
the  follawing equat ions:  
i n  region v 2' 
on the  v2-v1 boundary, 
i r l  region v 1 
i n  t h e  l i q u i d ,  
i n  t h e  s o l i d ,  
B' (El+e3) +E2+E4 
E = 2 2 O 2 ( l + g  - 3  P/25) 
9 
on the  liquid-vacuum boundary, 
F I .  2 .  b 2 .  NOTATION FOR MESH POINTS A D J O I N I N G  A GIVEN MESH POINT 
on t h e  rolid-vacuum boundary, 
on t h e  sol id- l iquid boundary, 
and a t  the  po in t  where s o l i d ,  l iqu id  and vacuum m e t ,  
toge ther  with  t h e  condi t ionr  a t  t h e  point8 on t h e  boundary: 
t2  + (T+112 
E = -i I n  2 5 + ( l - l )  2 
on t h e  e x t e r n a l  boundary; and 
on t h e  boundary i n s i d e  t h e  ribbon. In (2 .6 .5) ,  the  d e l t a s  a r e  deflned by 
5 ( x )  = 1 i f  x = 0, b ( x )  = 0 otherwise .  
There a r e  a number of ways of looking a t  the  problem of solving t h e  
very l a rge  s e t  of coupled equations represented by (2.6.3) - (2 .6 .13) .  One 
might f o r  ins tance ,  consider  i t  simply a s  invers ion of a very l a r g e  sparne 
matr ix ,  a l b e i t  a complex and no t  necessa r i ly  square one. A b e t t e r  approach 
seems t o  be t o  consider i t  a problem i n  adapt ive c o n t r o l ,  or no-called "machine 
learning". Such a process ,  described by S t o l l ,  ( 2 4 )  involves f i r a t  of a l l  the  
usual procsdure of successive over-relaxation--that i s ,  the  mesh i s  repeatedly 
scanned by columns and t h e  va lue  of  E a t  each point  modified according t o  the  
above equa t ions ,  wi thout  regard t o  whether some neighboring values  have been 
modified on the  c u r r e n t  scan o r  n o t .  I f  t h i s  process  converges,  i t  can be c a r r i e d  
on u n t i l  some convergence c r i t e r i o n  i s  s a t i s f i e d ;  S t o l l  euggests  t h e  maximum 
d i f f e r e n c e  i n  E ' s  a t  any po in t  between success ive  scans  be l e s s  than some s e l e c t e d  
v a l u e .  I n  the  p resen t  problem, i t  might be b e t t e r  t o  have a more s t r i n g e n t  
cond i t ion  applying t o  t h e  region o f  g r e a t e s t  i n t e r e s t  nea r  t h e  o r i g i n  than 
elsewhere.  The c r i t e r i o n  might apply t o  t h e  r e a l  and imaginary p a r t s  
s e p a r a t e l y ,  o r  might j u s t  be made t o  apply  t o  t h e  modulue. This  simple 
process  can be g r e a t l y  speeded up by inc reas ing  t h e  f i e l d  change a f t e r  every 
stall by some (complex) convergence f a c t o r  of modulus g r e a t e r  than u n i t v .  
A f t e r  every few s r l n s ,  t h i s  f a c t o r  can be modified according t o  the  r e s u l t s  
so f a r  obta ined.  Implementing such a n  adap t ive  c o n t r o l  technique f o r  a  com- 
plex f i e l d  i s  r a t h e r  t r i c k y ,  b u t  a  s u r p r i s i n g l y  s imple  method which has  worked 
s u c c e s s f u l l y  on a  number of problems has  been developed by S t o l l .  I t  i s  
a t t r a c t i v e  t o  cons ide r  a l s o  t h e  p o s s i b i l i t y  of g radua l ly  varying some of t h e  
o t h e r  psrameters i n  the  problem s imul taneously .  For i n s t a n c e ,  one might 
g radua l ly  vary the  r e s i s t i v i t y  r a t i o  P from an i n i t i a l  value  of one,  f o r  
which t h e  s o l u t i o n s  have been determined i n  Sec t ion  2.3,  down t o  i t s  a c t u a l  
value  of .05. We have prepared computer subrou t ines  f o r  eva lua t ing  t h e  e l e c t r i c  
f i e l d s  a t  t h e  mesh p o i n t s  i n  t h e  above equa t ions ,  f o r  cyc l ing  through t h e  
r e l a x ~ t i o n  procedure wi th  a r b i t r a r y  convergence f a c t o r ,  f o r  i n i t i a l i z a t i o n ,  
and f o r  s u i t a b l e  input  and ou tpu t ,  but  we have no t  programed t h e  adap t ive  
c o n t r o l  techniques j u s t  desc r ibed .  
I t  might be p o s s i b l e  t o  modify the  techniques  descr ibed i n  t h i s  
s e c t i o n  t o  est , lmate t h e  f i e l d s  i n  the  RMGS c o n f i g u r a t i o n  by rep lac ing  the  
meniscus by a  r ight-angled bend. 
2 .7  Thermal E f f e c G  
I n  t h i e  sec t ion  we s h a l l  consider  separa te ly  heat ing e f f e c t e  
a r i s i n g  from the  eddy c u r r e n t s  i n  t l ~ e  sil icctn and those r e s u l t i n g  from the 
c u r r e n t  i n  the  shaping c o i l .  
2.7.1 Eddy Current Heating i n  Si Ribbon 
Eddy cur ren t8  e t rong enough t o  ehape a  t h i n  ribbon w i l l  a l s o  be 
r t rong  enough t o  h e a t  it e i g n i f i c a n t l y .  I n  t h i r  r e c t i o n  we consider  the  
e f f e c t  of t h i r  hea t ing  on the  poe i t ion  of the  so l id - l iqu ih  i n t e r f a c e  and on 
the maximum eteady-sta te  t e r p e r a t u r e  i n  t h e  ribbon. 
The statement made i n  Sect ion 1.3 t h a t  or,ly s teady- r ta te  temperature 
condi t ione need be considered require8 ennc add i t iona l  support i n  view or the  
presence of t h e  l iquid-sol id  i n t e r f a c e ,  which cannot be moved withouc eupplying 
the  l a t e n t  hea t  of 1 .8  MJ/kg (Table I ) .  From Tcble 111, we ree  t h a t  the  
p m e r  input  w i l l  be around 2-3 kW. Anticipat ing some l a t e r  r e s u l t s  of t h i s  
s e c t i o n ,  we f ind the  amount of reradiated paver i s  a t  the  most .5  k W ,  and 
might be somewhat smal ler .  The small dimensions of t h e  ribbon, the  high 
temperature of t h e  mel t ,  and the  lover thermal conduct ivi ty  of the  s o l i d  w i l l  
l i m i t  conduction l o s s e s  ( t h i c  again may be j u s t i f i e d  a  p o s t e r f s r i  from 
r e s u l t s  below); no most of 1.5 kW net i ~ p u t  power should be ava i lab le  t o  
move t h e  i n t e r f a c e .  The i n i t i a l  ve loc i ty  of the  i n t e r f a c e  can kc  Zetermint; 
from 
? = L  A u I  , 
net  V 
where 4, the l a t e n t  hea t  per u n i t  volume, i s  about 4 .5  G J  m-), a d  the  
ribbon c ross - sec t iona l  a rea  A i s  taken a s  2.4 x 10 -5 m2. ihus  uI 2, 1 .5  
cmlsec. Since t h i s  i s  much l a r g e r  than an t ic ipa ted  p u l l  r a tes , !2 )  we 
a n t i c i p a t e  t \ a t  the  i n t e r f a c e ,  i f  i n i t i a l l y  a t  the  shaper plane,  would very 
rapidly mnlre t o  i t s  s teady-s ta te  posi t ion.  I t  i s  i n t e r e s t i n g  t o  note  tha t  
t h i s  posi t ion does not depend on the l a t e n t  h e a t ,  which only a f f e c t s  the  
dynamics of the  i n t e r f a c e .  
Because t h e  r ibban  is  s o  t h i n ,  t h e  tempera ture  v a r i a t i o n  ac ross  
i t  can  e a s i l y  be n e g l e c t e d .  Also s i n c e  t h e r e  w i l l  be l i t t l e  r a d i a t i o n  from 
t h e  r ibbon edges ,  t he  Zemperature w i l l  vary  but  l i t t l e  a c r o s s  t h e  b read th  
o f  t h e  r ibbon .  Thus we have a  problem of s c e a d y - s t a t e  heat  t r a n s f e r  i n  one 
dimension-- t h e  p u l l i n g  d i r e c t i o n ,  w i th  r c d i a t  ion  from t h e  r ibbon s u r f a c e  
and h e a t  produced w i t h i n  i t .  To avoid  a n a l y t i c a l  complexity we s h a l l  
ar. ,-me t h a t  t h e  hea t  is  produced ? ~ n i f o r m l y  w i t h i n  a  r eg ion  of width  H, a s  
iJe assumed i.n d i s c u s s i n g  t h e  degree  of shaping.  The bu lk  of t h e  m e l t ,  c here  
the  tempera ture  w i l l  oe t i x e d  a t  Tm, the  iue l t ing  t empera tu re ,  \ , i l l  be taken 
a s  a t  a  d i s t a n c e  L from t h e  p lane  of t h e  shape r .  The change i n  r ibbon 
t h i c k n e s s  nea r  t h i s  p o i n t  w i l l  be n e g l e c t e d ;  t h i s  can  be  shown t o  be i n s i p -  
n i f i c a n t  . A t  l a r g e  d i s t a n c e s  a long  t h e  s o l i d  r ibbon ,  t h e  temperatclre w i i  1 
approach t h e  ambient ,  which s i n c e  i t  w i l l  be r e l a t i v e l y  low we s h a l l  take  
a s  ze ro .  The o v e r a l l  s i t u a t i o n  i s  t hus  a s  dep ic t ed  i n  Fig .  2 . 7 . 1 .  
The power r a d i a t e d  from a  s t r i p  of r ibbon of he igh t  Ax i n  g i \ -en  
by Prad = ZW Z E ( T - T ~ ) ~ .  where C is  t h e  Stefan-Boltrmann cons t an t  and T, 
t h e  tempera ture  of t h e  surroundings .  The hea t  t r a n s f e r  problem may be 
simply solved a n a l y t i c a l l y  i~ we can make a l i n e a r  approximation t o  the  
quadra t  LC tempera ture  dependence. When the  tempera ture  change from the  
ambient i s  smal.1, t h e  approximat ion  
L 3 (T-To) ' c 4T0 (T-To) 
i s  f r e q u e n t l y  i ~ s e d ,  but  i n  t h e  p re sen t  s i t u a t i o n ,  where t h e  tempera ture  
change i s  l a r g e  and T =Z 0, t h i s  i s  c l e a r l y  inadequate .  The l i n e a r  approxi-  
0 
: .at ion can  s t i l l  be used,  though,  i f  we d e f i n e  a  f i c t i t i o u s  tempernture T* 
such t h a t  
"3 
T~ a 4T T , ( Z . ' . ? )  
* 
where we have s e t  T  = 0,  and where T i s  determined s e l f - c o n s i s t e n t l y  i n  
0 
such a  way t h a t  t l ie  r a d i a t i o n  a t  tempuratures  neb: t h e  a c t u a l  maximum 
* 
o p e r a t i n g  tempera ture  is g iven a c c u r a t e l y .  I f  T i s  chosen s u c ~  t h a t  
r a d i a t i o n  a t  t h e  maximum tempera ture  a n p h e r o  i n  t h e  r ibbon  is  given 
c o r r e c t l y  then  the  over  a 1  1 r a d i a t i o n  l o s s  i s  s l i g h t l y  ove res t ima ted .  The 
numerical p r r cedure  f o r  o b t a i n i n g  the  maximum tempera ture  w i l l  be seen  t o  
be q u i t e  s t r a i g h t f o r w a r d .  
FIG. 2 . 7 . 1 .  GEOMETRY A N D  T E ~ I N O W G Y  FOR smnY OF 
HEAT TFLZNSFER IN RIBBON 
Thus i n  the  four  regions i n d i c ~ t e l  i n  $18. 3.7.1, t h e  h e a t  
conduction equat ions  t o  be solved a r e  simply 
where 
and 
c = o ~ ~ / ( ~ n m b t ~ )  , 2 
o r  i f  Eq. (2.4.13) holds 
-1 -1 
= 4 ~ r ~ ~ f f 3 ~  K ( b / t )  2 2 
For numerical work w e  w i l l  use  (2.7.9b) with  t = 46, f = 21.1 MHz, and 
H = nb/2. The i m p l i c i t  sssumpt!on of these  equat ions  t h a t  t h e  i n t e r f a c e  
p o s i t i o n  X0>H/2 w i l l  be seen t o  be wel l  j u s t i f i e d .  
Eqs. (2.7.3)- (2.7.6) toge ther  with  t h e  boundary condi t ions  
and 
a re  readi ly  solved. We s h a l l  not present the general so lu t ion ,  but just  
give the temperature a t  the so l id- l iqu id  in te r face  
Tm + 2R s inh  ZH s inh ZL 
T~ = T(X = xo) = S s inh  (z0 + t) + cosh (zo + 5 j (2.7.15) 
and the maximum temperature i n  the  ribbon 
= T(X = 0) = R(l  - cosh ZH) + Ti(S  s inh  Zo + cosh z0) . (2.7.16) 
In these equations, 
*3 
~ = m / f / ( 4 x c T  ) , (2.7.17) 
s a ( K s ~ s / ~ ) 1 ' 2  = 0.63 , (2.7.18) 
ZH = c 1 'I2 H/2 , and 
* 3 5 
If  T = 10 K, then with the o ther  assumptions as before,  R = 4.21 x 10 K 
and cl 'j2 = 0.92 c,'. Because of t he  a s m t r y  of the problem, Tmax 
night  ac tua l ly  be s l i g h t l y  away f romx = 0, but we can sa fe ly  ignore t h i s .  
To solve (2.7.15) and (2.7.16), we assume a value of T-, ca lcu la te  
* 
T = T /4"', detp-line R and S, determine Zo numerically from (2.7.15) 
max 
assuming there i s  no supercooling so Ti = Tm, and ca lcu la te  T from 
max 
(2.7.16). The t rue  T w i l l  l i e  between tha t  assumed and tha t  calculated,  
max 
and can t e  found with only a few guesses. We ca r r i ed  t h i s  procedure out f o r  
L = 4 cm and L = 0.4 cm (about t he  l a rges t  and the smallesc values one might 
wish t o  consider (I1)) and f o r  b = 0.5 mm and 2 nun. Even fo r  the smaller value 
of b ,  we found Xo x 0.3 cm f o r  both values of L and Tmex of 3700-3800 K, wel l  
above the  s i l i c o n  boi l ing  point (a t  1 atmosphere) of 3060 K. Thus i t  appears 
tha t  the  in te r face  w i l l  general ly be well  out of the  heating region, and 
a l so  t h a t  some auxi l ia ry  cooling method w i l l  be necessary t o  keep t h e  s i l i c o n  
a t  a reasonable temperature. Such cooling would bring the in te r face  c loser  
t o ,  bnt probably not i n to ,  the heating region. 
2.7.2 Thermal Balance in  Shaper Coil 
In t h i s  sec t ion ,  we consider the problem c~f heat production and 
d i s s ipa t ion  i n  the  f i ne  shaping c o i l ,  which we w i l l  consider t o  be a sim,,le 
ha i rp in .  We w i l l  show tha t  v i r e s  small enough to  put close enough to  the 
melt f o r  e f f e c t i \ ?  shaping w i l l  not  be ab le  t o  lose  enough heat by rad ia t ion  
t o  keep from melting a t  the  current  dens i t i e s  required. We w i l l  a l so  con- 
s ide r  t he  p o s s i b i l i t y  of cooling the  wire by making it a hqllow tube with 
f l u i d  flowing through i t ,  and show t h a t  there  i s  roam poss fb i l i t y  of cooling 
with flowing gas. We were not able t o  make a r e a l i s t i c  e s t h e t e  f o r  cooling 
with a l iqu id  flowing through the  tube, but bel ieve it might be feas ib le .  
Cooling might a l so  be accomplished by p a r t i a l l y  embedding the c o i l  i n  a 
high-thermal-conductivity, low-electr ical-conductivi ty heat-pipe material ;  
t h i s  pos s ib i l i t y  has not been invest igated i n  any d e t a i l .  
We w i l l  make the following assumptions: 
1 )  We w i l l  neglect the  la rge  incident  thermal flux from the ribbcn i t s e l f ,  
and only consider the heating by the  current  i n  the wire. Although in  some 
circumstances a good par t  of t he  incident f lux  (peaked around 1 t o  1.7 bm) 
might be r e f l ec t ed ,  i n  general the only j u s t i f i c a t i o n  fo r  t h i s  assumption i s  
t ha t  i t  makes the  problem much eas i e r  to  so lve ,  and i n  a more complete 
analysis  i t  ought to  be included. 
2)  The r ad i a l  dependence of the  ac current  dens i ty  can be ignored as  f a r  as  
the thermal, r a the r  than electromagnetic,  pa r t  of the analysis  i s  considered. 
This can be shown t o  be a very small e f f e c t .  
3) The temperature dependence of the r e s i s t i v i t y  and thermal conductiv: .- 
of the  shaper wire can be neglected. It car  be seen tha t  i f  these effec 
a r e  not negl ig ib le ,  they w i l l  make the wire more d i f f i c u l t  to  cool.  
4) The wire radius a i s  much la rger  than the skin depth i n  the wire. The 
bend i n  the c o i l  can be ignored. These a r e  safe  assumptions. 
5)  The wire i s  made of copper, of nominal propert i e s  a s  follows: 
melting poin t ,  Tm = 1356 K, 
r e s i s t i v i t y  p = 1.7 x ohm-m, dc 
s k i n  d e p t h  A = l l r .7  urn ( a t  7 1 . 1  MHz), 
CU 
thermalconduct iv i tyK = 3 . 9 ~ 1 0 ~ W m - l ~ ' ~  . Cu 
We w i l l  suppress the subscr ip ts  ("dc" and "Cut') i n  the equations. I t  i s  
doubtf111 tha t  a b e t t e r  metal than copper can be found f o r  the wire. AS 
frequently mentioned, a p rac t i ca l  shaper may a l so  include some sor t  of 
graphite  o r  s imilar  concentrator ,  whose thermal propert ies  should be in- 
cluded i n  the ove ra l l  ana lys is ;  but it i s  ins t ruc t ive  to  see just  what i s  
required of the c o i l  i t s e l f .  
The s teady-state  temperature i n  the wire w i l l  be given by an 
equation of the form (25) 2 
Aor 
T = A + B l n r - -  , 4K 
where r is the r a d i a l  dis tance from the center  of the wire and A. is the 
power generated per  uni t  volume. For a >> 6 ,  
1-l2 p 
- '2n2a3 6 
8 
t h i s  equation is va l id  whether the wire i s  hollowed in to  a tube o r  not .  
A and are  constants t o  be determined from the boundary conditions. We 
wi l l  examine i n  turn  the two l imi t ing  (and r e l a t i ve ly  simple) cases of 
cooling by rad ia t ion  only and cooling by forced convection i n  a tube. 
I. Solid W i . C o o l e d  by Radiation a t  Surface. I n  t h i s  case,  B 
must be zero and A is  determined from 
where e i s  the emissivi ty of the copper surface,  C i s  the Stefan-Boltzmann 
constant ,  and we have assumed rad ia t ion  into a med'w a t  zero temperature. 
We readi ly  obtain 
The r-ximum temperature a t  the center  of the wire may be wr i t ten  a s  
and T the surf  ace temperature, = (AOa/2cC) 1 / 4  
S '  
It is  not hard t o  show t h a t  f o r  the s i t u a t i o n s  of  i n ~ e r e s t  T w i l l  be l e s s  1 
than one degree and can s a f e l y  be neglected.  (To be e x p l i c i t ,  
-5  rms 2  
~ ~ ~ 3 . 8 3 ~ 1 0  ( I  ) / a  , 
where T i s  i n  K ,  i n  A ,  and a i n  w). Also we f i n d  t h a t  f o r  a  shiny 1 
copper su r face  (s =.02), the  wire w i l l  immediately f u s e  a t  any power l e v e l s  
we have considered;  s o  we w i l l  assume t h e  s u r f a c e  i s  oxidized ( 6  x . 6 )  o r  
covered with  some highly e m i t t i n g  m a t e r i a l  (s 1 ) .  This of course w i l l  
make the  su r face  a  b e t t e r  absorber  of r a d i a t i o n  from the  molten S i ,  but a s  
previously  s t a t e d ,  we w i l l  not  attempt t o  t ake  t h i s  i n t o  account.  by s e t t i n g  
Ts = Tm, we can c a l c u l a t e  roughly t h e  minimum wire rad ius  amin f o r  a  given 
c u r r e n t .  The c u r r e n t ,  i n  t u r n ,  can be r e l a t e d  t o  t h e  wire-to-melt  d i s t ance  
b  f o r  shaping the  ribbon t o  400 iLm th ickness  a t  21.1 Hlz, t h e  condi t ions  
p r i n c i p a l l y  discussed i n  e a r l i e r  s e c t i o n s .  The r e s u l t r  a r e  shown i n  
Fig .  2.7.2. Of course  un less  a  i b,  the  wire  cannot be f i t t e d  i n  next t o  
t h e  mel t .  It i s  apparent t h a t  even f o r  s = 1, the  wire  must be made q u i t e  
l a rge  and moved r a t h e r  f a r  away from the melt  i f  it is not t o  melt  i t s e l f .  
The o v e r a l l  power requirements f o r  the  va r ious  s i t u a t i o n s  were discussed 
i n  Sec. 2 .5 .  Since a l l  our assumptions have been such a s  t o  neg lec t  e f f e c t s  
t h a t  would tend t o  r a i s e  the  temperature more than we have c a l c u l a t e d ,  i t  
appears t h a t  it w i l l  not be poss ib le  t o  r e l y  on r a d i a t i v e  cool ing of the  
s haper wire .  
11. Hollow Tube with  I n t e r n a l  Fluid  Cooling. We assume the  
shaper is  a c y l i n d r i c a l  tube of i n t e r i o r  r ad ius  a and e x t e r i o r  r ad ius  a .  1 
We w i l l  now a s s u m  t h e r e  i s  n e g l i g i b l e  r a d i a t i o n  a t  t h e  o u t e r  su r face  (6 s 0 ) ,  
t o  s impl i fy  t h e  d i scuss ion .  A t  the inner  su r face ,  we w i l l  t ake  as the  
boundary cond i t ion  
where the  heat t r a n s f e r  c o e f f i c i e n t  
h  = ~ ~ N u / 2 a  1  ' 
K being the  thermal conduc t iv i ty  of the  cool ing f l u i d  and Nu being the  f 
Nusselt number, a  dimensionless parameter which we d i s c u s s  below. Tf can 
FIG. ? . 7 . 2 .  RADIATIVE COOLIKL: OF SHAPING COIL.  MINIMUM COIL RADIUS 
TO AVOID FUSION, 8 ,  PLOTTED AGAINST COIL-CENTER-TO-MELT- 
SURFACE DISTANCE, b ,  FOR SHAPING RIBBON 0.4 mm THICK AT 
2 1 . 1  MHz. s = EMISSIVITY OF COIL SURFACE. 
be taken as the average temperature of the cooling f l u i d ,  provided the 
(26) o u t l e t  absolute temperature i s  not more than 3 times tha t  a t  the i n l e t  . 
Evaluating A and B from the boundary conditions, we f ind  
From t h i s  equation, we can show tha t  the temperature difference across 
the wal l ,  
T(r=a) - T(r=al) < T1, where TI, defined by (2.7.26b), is  l e s s  than 
one degree. Thus we consider only t h e  temperature a t  the  inner wal l ,  and 
wr i te  
- T(r=al) - Tf = al 2 AT- T1eu[l  -(-;)I . 
If  the temperature var ia t ion  of the  v i s cos i ty  is  not too s trong,  the 
Nusselt number f o r  most gasses i s  well  approximated by (26,271 
Nu = .013 Re 0.83 8 
3 i n  the turbulent flow reginr: (Reynolds numbers Re > 3 x 10 ). The 
Reynolds number is given by 
where v is the average flow r a t e  of the gas and u is i ts  v iscos i ty  a t  the 
average temperature. Defining the r a t i o  h = a /a ,  we see  we can wr i te  1 
A must be chosen t o  make the shaper su f f i c i en t ly  strong; l e t  us assume 
a = 1 m and A = .5. Also l e t  us assume tha t  the  gae is a i r ,  precooled so 
t ha t  the average temperature is room temperature (294K). Then K / K ~  ej 1.6 x 10 4 
2 
and u 1: .16 cm /sec; so 
where v is given i n  m/sec. For turbulent  flow, v w i l l  have t o  be a t  l e a s t  
3 
about 50 mlsec. A t  t ha t  r a t e ,  AT/T~ = 2.3 x 10 . For a = 1 um~ and b = 1.4 m, 
T E ,46 K ,  hence t h e  w a l l  temperature would rise t o  1376 K, o r  j u s t  e bit 1 
below t h e  mel t ing  po in t .  Since t h i s  111ight be brought down by h ieher  f low 
r a t e s  and by conduction and r a d i a t i u n  l a s s e s ,  i t  seems a s  i f  coo l ing  with 
a gas  might be poss ib le  f o r  a shaping wire of  t h e  dimensions assumed. I t  
is  not  l i k e l y  t h a t  smal le r  wi res  c l o s e r  t o  the  melt could be cooled t h i s  
way though, d e s p i t e  t h e i r  c a r r y i n g  s n ~ a l l e r  c u r r e n t s .  We attempted t o  make 
a s i m i l a r  a n a l y s i s  f o r  coo l ing  by a l i q u i d ,  but found ourse lves  in  an 
i n c o n s i s t e n t  range of  parameters f o r  use of the  appropr ia te  genera 1 i z a t  ion 
of (2.7.30). One would expec t ,  though, t h a t  i f  coo l ing  with  a gas is  
f e a s i b l e ,  coo l ing  with a l i q u i d  a t  lower flow r a t e s  would a l s o  work. 
2.8 Sumary  and Conclusion 
We have desc r ibed  methods o f  c a l c u l a t i n g  f i e l d s  and f o r c e s  
induced i n  a  s i l i c o n  ribbon by a  simple hairpin-shaped c o i l .  We have 
determined t h e  c u r r e n t  and power necessary  t o  produce ribbon of a  spec i -  
f i e d  th ickness  by e lect romagnet ic  shaping, both f o r  en i s o l a t e d  ribbon 
and f o r  a r ibbon being drawn from a  nearby l e v i t a t e d  s p h e r i c a l  melt I n  
both cases  the  c u r r e n t  required f o r  shaping t o  .4 mn t h i ckness  i s  l a r g e r  
than has been p rev ious ly  thought--  i n  Lhe range of 100 A .  For t h e  i s o l a t c d  
r ibbon,  t h e  power required i s  a l s o  l a r g e ,  but  f c r  the  ribbon drawn from 
t h e  l e v i t a t e d  sphere ,  t h e  t o t a l  power is o n l y  a  few k i l o w a t t s .  Departure 
of t h e  melt  from a  f l a t  r ibbon shape,  l o c a t i o n  of the  f r e e z i n g  i n t e r f a c e  
f a r  from t h e  shaping p lane ,  and excess ive  hea t ing  of the  ribbon by the 
eddy c u r r e n t s  may a l l  be severe  problems which w i l l  have t o  be overcome 
i n  any p r a c t i c a l  system. Numerous s i m p l i f i c a t i o n s  and approximations have 
been made i n  the  course  of these  c a l c u l a t i o n s ,  but i t  i s  extremely doubtful  
t h a t  more accura te  c a l c u l a t i o n s  would a l t e r  q u a l i t a t i v e l y  any of the  con- 
c l u s i o n s  presented he re .  
3. OTHER INNOVATIVE PROCEDURES 
3.1 Introduct ion 
Th.t object  of t h i s  t ask  ..as been the  evaluat ion of possible  means 
f o r  shaping s i l i c o n  ribbon o ther  than using electromagnetic forces ,  and making 
a de ta i led  analysio of those methods which appear moat f ea s ib l e  from the  stmnd- 
point  of space production. Emphasis was placed more on developing understand- 
- . .  
ing of the physical mechanism of importance and on es tab l i sh ing  high-feasi- 
b i l i t y  concepts f o r  shaping than on engineering deeign. 
By way of introduct ion,  we s h a l l  descr ibe th ree  techniques used fo r  
shaping mater ia l s  ( t e r r e s t r i a l l y )  from the  melt: the web-dendrite, the  EFG 
(Edge-Defined Fflm-Fed Growth), and the  Pi lkington Float  Glass methods. 
Web Dendrites 
I n  t h i s  process, a seed c r y s t a l  i s  liiduced t o  form two dendr i te  a m s ,  
which a r e  curved down i n t o  the melt by surface forces  imposed by the l iquid 
mater ia l .  Soon a f t e r  t he  s t a r t  of growth, the two dendr i tes  form what i s  
e s sen t i a l l y  a p a r a l l e l  frame, supporting a web of l iqu id  which freezes shor t ly  
above the  surface of the l iqu id .  The web mater ial  has a twinned s t ruc tu re ,  
and the crystal lographic o r i en t a t i on  in the  plane of the  sheet is  off a close- 
packed o r l en t a t i on  a s  a consequence of the  dendr i t i c  growth process. Growth 
r a t e s  a r e  of the order  of 5 cm/eec. One of the problems associated with t h i s  
method i s  t h a t ,  a s  a r e s u l t  of l iqu id  drainage induced by grav i ty ,  the mater ial  
does not h ~ v e  a uniform thickness. Hence, the coo:ing r a t e  i e  not uniform, 
and thermal s t r e s se s  a r e  induced unless cooling r a t e s  a r e  extremely well con- 
t r o l l ed .  Generally, a t  web widths of about 3 cm the  d i s loca t ion  s t ruc tu re  
induced by tnernial s t r e s s e s  i s  so great  t ha t  the web becomes polycrys ta l l ine .  
Furtt~ermore, the  dend r i t i c  growth process r e s u l t s  i n  var ia t ions  i n  the con- 
cen t ra t ion  of a l loying elements across  t he  width of the web. I n  addi t ion ,  
tjec J I I S C  dendr i t i c  growth i s  unconstrained, the process i d  ra ther  d e l i c a t e  t o  
cont rctl . 
EFG 
-
Liquid mater ial  i s  drawn i n t o  a d i e  by c a p i l l a r i t y  forces .  From the 
pool i n  the  top of t he  d i e ,  i t  i s  drawn out by a reed c r y s t a l  i n  a manner 
analogous t o  the Czochralski method. The l iqu id  depar t s  from the d i e  with 
a shape defined by bounding v e r t i c a l  ( i n  the d i r ec t i on  of pul l ing)  eurfaces. 
I n  pr inc ip le ,  i f  t h i s  method were developed properly, t he  mater ial  
would have proper t ies  c lose ly  comparable with t he  bes t  Czochralrki mater ia l .  
I n  t h i s  case ,  it would su f f e r  from two main drawbacke. F i r a t ,  the  amount 
of yield would be l imited by s t a b i l i t y  considerat ions,  This drawback i s  over- 
come, to  some degree, by using mult iple  growth s l o t s .  Second, the  d i e s  wear 
excessively, and the d i e  cos t  forms a s i gn i f i c an t  amount of the  mater ial  cos t .  
We see  another possible  disadvantage f o r  fu ture  development, i . e . ,  there  
i s  a lower l i m i t  t o  the  ribbon thickness produced by t h i s  method, which we 
est imate t o  be about 120 um. 
P i l k i n ~ t o ~ r  Float  Glass Process 
Molten g lass  flows out of the melting tank, over t he  surface of a 
tank of molten t i n .  A s  i t  flows over the  t i n  i t s  temperature gradually f a l l s  
u n t i l  i t  becomes so l id .  It then passes over a weir ,  onto a conveyer, where 
i t  i s  cut  i n to  convenient lengths. 
3.2 Factors  Affecting Ribbon Formation 
Let us now consider  t he  r e l a t i v e  importance of the  various fac tors  
which a f f ec t  ribbon formation i n  space. I n  pa r t i cu l a r ,  we include (1) 
c a p i l l a r i t y  e f f e c t s ,  which tend t o  a l t e r  the shape of the  l iqu id  u n t i l  mini- 
mization of net  i n t e r f a c i a l  energy of the e n t i r e  syrtem i e  achieved, ( 2 )  viscous 
e f f e c t s  which tend t o  re ta rd  the flow of the l i q  Id, (3) flow forces r e su l t i ng  
from the f ac t  t ha t  the l iqu id  i s  in  motion,and (4) acce le ra t iona l  e f f e c t s  v i t h -  
i n  t he  l iqu id .  We s h a l l  demonstrate t h a t ,  f o r  l iqu id  s i l i c o n ,  the  f i r s t  of 
these fac tors  is dominant over the l a s t  three.  
3.2.1 C m i l l a r i t y  Forces Verrur Vircour Forcer 
Let us f i r c t  compare the r e l a t i v e  influence of c a p i l l a r i t y  forces  
i n  a l iqu id- r i l i con  system, as  opposed by vircotir forces .  We r h a l l  conrider  
a r e l a t i v e l y  simple example f o r  which a quant i ta t ive  treatment t r  avai labJe,  
i . e . ,  the spreading of a viecoue l iqu id  drop on a planar so l id  rurface under 
the  ac t i on  of i n t e r f a c i a l  forces .  We ure here the  r e r u l t r  of t he  theory of 
"wetting" k ine t i c s  developed by ~ t r e l l a ( * * )  and extended by Marlworth and 
~ i a r s e r ( ~ ~ ) .  They conridered t he  problem of a l iqu id  drop, i n i t i a l l y  
spher ica l  and touching t he  planar  rurface a t  only one point ,  a8 it rubrequetly 
rpreadr over the  rurface,  f i n a l l y  a t t a in ing  i t 8  equilibrium configuration. I n  
pa r t i cu l a r ,  they rhwed t h a t  
where a i s  the  surface tension of the drop, 7 its v i r co r i t y ,  Ro i t s  i n i t i a l  
rad ius ,  t i s  the  time mearured r e l a t i v e  t o  the  i n i t i a l  condi t ion,  f o r  which 
t = 0. 0 i s  t he  instantaneous contact angle between t he  drop and the surface 
and i s  measured r e l a t i v e  t o  the  planar surface not  i n  contact  with the drop, 
and 8, i s  +be equi l ibr ium contact  angle. (The contact angle 0 approaches 
8, i n  t he  l i m i t  a s  t approaches i n f i n i t y  (28s29). It can be seen, from Eq. (3.2.1) , 
t h a t ,  a s  expected, high valtiee of cr lead t o  correspondingly high r a t e s  of 
approach t o  equilibrium, whereas high fl leads t o  slaw r a t e s .  The funct ional  
form of f(e,B,) i s  uninpor:ant f o r  the present but one could shad, 
with the help of r e s u l t s  reported i n  Refs.(28) and (29),  t h a t  the  spreading 
process i s  general ly  la rge ly  compl2te a t  times such t ha t  t h i s  function has 
a value of toughly 5. Hence, def2;r;r.g , as  the  time required f o r  the  function 
t o  a t t a i n  t h i s  value,  we f ind ,  
Using t h e  va lues  Ro a 1 cm, Tl 0.02 po! ;~ ,  and cy Z= 720 dyneicm, we find t h a t  
i i s  of t h e  o rde r  of second, s o  t h a t  s u r f a c e  f o r c e s  i n  ' ( q u i d  s i l i c o n  
g e n e r a l l y  overcome r e t a r d i n g  v l scous  f o r c e s  extremely qu ick ly .  The: t h i s  i s  
s o  i s ,  however, n o t  s u r p r i s i n g  i n  view of t h e  r e l a t i v e l y  high su:'ace Lension 
of l i q u i d  ~ i l i c o n  and i t s  r e l a t i v e l y  law v i scos i ty - - fo r  example,the v i s c o s i t y  
of wa te r  i s  only  abcut  a  f a c t o r  of two smal le r  than t h e  v a l u t  used he re  f o r  
l i q u i d  s i l i r o n .  
3.2.2 C a ~ i l l a r i t y  Forces Vereus Acce le ra t iona l  and Flow Force? 
We s h a l l  use  a  somewhat d i f f e r e n t  approach t o  eva lua te  t h ~  com- 
p a r a t i v e  e f f e c t s  of c a p i l l a r i t y  fo rces  v s r s u s  a c c e l e r a t i o n a l  and flow fo rces .  
I n  p a r t i c u l a r ,  we cons ide r  two of t h e  ~ a r i o u s  dimensionless  parameters t h a t  
a r e  cornonly used t o  i d e n t i f y  behavior s i m i l a r i t i e s  arno1.g syat~:~a of d i f f e r e n t  
s i z e  and a l s o  t o  d e f i n e  d i f f e r e n t  regimes of behavior ;  these  t ~ o  , ,rameters 
a r e  t h e  Bond number, Bo, and t h e  Weber number, We, def ined a s  
where p is  t h e  fluici d e n s i t y ,  a  i t s  a c c e l e r a t i o n ,  V i t s  v e l o c i t y ,  L a  
c h a r a c t e r i s t i c  l e a g t h ,  and y t h e  f l u i d  s u r f a c e  t e n s i o n .  The Bond number 
d e f i n e s  regimes i n  which e i t h e r  a c c e l e r a t i o n  o r  c a p i l l a r i t y  fo rces  dominata, 
whereas t h e  Weber number compares flow f o r c e s  and c a p i l l a ? r i t y  fo rces .  The 
appropr ia te  hydrodynamic regimes can be i l l u s t r a t e d  g r a p h i c a l l y  ( s e e  R e y n o l ~ z  t 30) 
and ~ t t o ' ~ ' ) ~  on a  p l o t  of Bo versus  We, a s  shown i n  Fig .  3.2.1. Assuming. 
f o r  l i q u i d  s i l i c o n ,  order-of-magnitude-estimated values  f o r  o, a ,  L ,  V ,  and 
3 2 - 3 r )  y of 1 gmlcm , I . mlsec (- 10 g \ ,  1 cm, 10-.cm/sec ( roughly  t h e  a n t i c i p a t e d  
3 3  p u l l  r a t e ) ,  and 10 dynelcm, r t s p e c t i v e l y ,  we f ind  We -- lo-' and Bo ,- 10- . 
The po in t  i n  F ig .  3.2.1 cha rac te r i zed  by these  numbers can  b e  seen t o  l i e  d-eply 
w i t h i n  t h e  "capj'lary-dominated" region,  i n d i c a t i n g  again  t h a t  c a p i l l a r i t y  
fo rces  i n  low g r a v i t y  p lay  a  dominant r o l e  i n  contro!ling t h e  ins tan taneous  
shape of t h e  l i q u i d - s i l i c o n  system. 
FIG. 3.2.1. HYDRODYNAMlC REGIMES (AFTER REYNOLDS AND OTTO). 7.B 1?2 UANTITI 
F r  IS THE FROUDE NUMBER, WHICH IS EQUAL TO (We/Bo) . 
3.3 Use of Capillarity Forces to 
Shape Silicon Ribbon 
3.3.1 Capillaritl-Induced Interaction Between 
Solids and Liquids 
From a very general point of view, the shaping of liquid silicon 
into ribbt.3. via capillarity forces,would be achieved through the interaction 
of the liquid with an appropriate arrangement of solid surfaces. Assuming 
that interfacial forces control the shape of the liquid, the shape would be 
that for which the net interfacial energy of the system (liquid plus solids 
with which the liquid comes into contact) is minimized. Unfortunately, the 
problems that one encounters in determicing the minimum-energy configuration 
for a relatively complex syscem are generally exceedingly difficult. Tndeed, 
it has beet. pointed out by Nitsche (32) that only in 1951 was it proven that 
a sphe~e-like surface (certainly a simple system from the point of view of 
the more complex arratrgements needed for ribbon shaping) having constant 
mean curvature must in fact be a sphere. To illuetrate the appraach that 
one can take in calculating capillarity-driven equilibrium solid-liquid 
configurations, we shall consider here the simple, but important and pertinent, 
?roblem of calculating the eqviiibrium configuration of a quantity of lcquid 
situated on a rigid, spherical solid surface. 
The system we are considering is illustrated schematically in Fig. 
3.3.1. Th: droplet shape, along the liquid-vapor surface, is characterized 
by constant curvature, and the locus of points describing the boundary between 
the solid-vapor surface and the solid-liquid fnterface is a circle. All 
angles and radii of curvature are taken as positive for the specific con- 
figuration il .trated in Fig. 3.3.1, and their signs would be altered in 
appropriate fashion for concave interfaces. Let us suppose that the radius 
of the liquid system in a free, and therefore spherical, configuration is 
r. The~l, it is relatively easy to show that the change of interfacial energy, 
AEi, brought about by "attachment" of the liquid to the surface, is given 3y 
2 AEi = 2n3 yLv (1 - cos (0 + a ) ]  
where p is  the radius of curvatur.3 of the liquid-vapor i n t e r f ace  a f t e r  
attachment t o  the so l id  has occbrred, R i s  the radius of curvature of the s o l i d ,  
and y Z,vs "svs and ydS a r e  the  re. ~ e c t i v e  f r ee  energies per un i t  area associated 
with the liquid-vapor, the solid-vapor, and the  sol id- l iquid in te r faces .  The 
angles B and a re  defined i n  Fig. 3.3.1, from which ve note t ha t  8 is the 
"contact angle" between the  l iqu id  and the  so l id .  The angles a r e  a l l  taken 
a s  pos i t ive  .?or the confiquration i l l u s t r a t e d  i n  the figure. 
Now the equilibriu!n configuration of the system i s  tha t  fo r  which 
AEi i s  minimu-1 (we a r e  assuming zero gravi ty)  subject  t o  t h e  cons t ra in t  t ha t  
the volume of the l iqu id  remains constant upon attachment t o  the surface. 
To evaluate the nature of t h i s  configuration, we employ Lagrange's method 
of undetermined mul t ip l ie rs  and define a quant i ty  Y such tha t  
where A i s  a Lagrange mul t ip l ie r ,  V a  is the  volume of the attached l iqu id ,  
and V f  i s  the volme of the f r ee  l iqu id .  N o w ,  one can readi ly  show tha t  
where 

In addition, we see from Fig. 3.3.1 that 
Combinil~g Eqs.(3.3.3) and (3.3.51, 
3 4 n ~ ~  / sin a va = -3 L.sin3(e+a) < ( e  + a) - ?(a): 
Next, combining ~qs.(3.3.1) and (3.3.5>, 
2 
2 iY4V sin a A E ~  = BR ti - cOs (e + U ) I  
'sin2 (e+cy) 
. 
+ ' 2 l.y.cv - ' s w  ; (1 - cos a),! - 4nr Ycv - 
Eqs. (3.3.2), (3.3.4), (3.3.6), and (3.3.7) can be combined to yield an 
expression for Y entirely in terms of the variables a and 8 (treating r, R, 
and the interfacial energies as fixed parametere). 
The minimum value of AEi is determined by setting 
and hence by equating each of the partial derivatives in (3.3.8) to zero. 
First, setting aY/aQ = 0 and solving for A, we obtain 
= -3 sin (d  + cul 
R sin a 
It is interesti~c here to observe that Eqs. (3.3.5) and (3.3.9) can be corn- 
b'ned tc~ yield 
so that h is simply the negative of the "Laplace pressure" associated with 
the attached liquid. Next, we set ; ) Y / ~ Y  = 0 and eubsequently eliminate 
h. in the resulting expression by means of (3.3.9). We thus obtain 
Y,, = YtS + Vdv cos 8 . 
Eq. (3.3.10) which i s  i den t i ca l  t o  the  fami l ia r  equation of Young and 
~ u ~ r e ' ,  descr ibes t he  r e l a t i on  between the equi l ibr ium contact  angle and the 
various i n t e r f a c i a l  energies .  This expression has been derived here for  the 
spec ia l  case i n  which t he  so l i d  surface is spher ica l ,  a?t.hough the  same form 
fo r  t h i s  re la t ionsh ip  has been obtainad for  other  s i t ua t i ons  a s  w e l l  (e.g.,  
l iqu ids  contained wi th in  closed axisymmetric containers(33)) .  I t  w i l l  prove 
t o  be e s s e n t i a l  f o r  use i n  evaluat ing t he  equilibrium configurat ion associated 
wi th  the  more complex systems which would be used t o  shape l iqu id  s i l i c o n  
i n t o  ribbon. 
We note,  i n  concluding t h i s  ana lys i s ,  t h a t  ~ a r b r o ( ~ ~ ' ~ ~ )  has 
discussed a number of important concepts r e l a t i v e  t o  phenomena associated 
wi th  t he  na ture  (pa r t i cu l a r l y  under low grav i ty  condltione) of such things 
a s  l iqu ids ,  l iqu id  f i lms ,  l iquid-sol id in te rac t ions ,  and t he  s o l i d i f i c a t i o n  
of l iqu ids .  
3.3.2 Melt Contaillment 
For t he  shaping of ribbon from a bulk m e l t ,  i t  w i l l  be important 
t o  cont ro l  the  shape o t  the  liquid-vapor In t e r f ace  a t  t he  melt surface.  
Because of the  dominance of c a p i l l a r i t y  forces ,  t he  shape of the  in te r face  
i s  control led by the  shape of t he  container  a s  wel l  a.4 the  contact  angle  0 .  
To i l l u s t r a t e  the manner i n  which shape cont ro l  can be achieved, we consider 
the  problem of obtaining a f l a t  liquid-vapor i n t e r f ace ,  although the  procedures 
w e  descr ibe apply equal ly wel l  t o  obtaining in te r faces  having non-zero curva- 
t u r e .  We s h a l l  assume t h a t  the  young- upr re' equation, a s  derived above fo r  
the  i n t e r ac t i on  of a l iqu id  with a spher ica l  (concave o r  convex) so l i d  surface,  
(33) 
appl ies  t o  other  curved surfaces a8 wel l  . 
One possible  configurat ion,  f o r  which the  container  l s  spher ica l ,  
i s  i l l u s t r a t e d  i n  Fig. 3.3.2. The pr inc ipa l  drawback here i s  t h a t  a f l a t  
liquid-vapor - a t e r f ace  can be obtained for  only one depth of l iqu id ,  a s  
i l l u s t r a t e d  i n  the  f igure.  I f  the container  holds e i t h e r  more o r  l e s s  then 
tl-,IS pa r t i cu l a r  amount of l i qu id ,  then the liquid-vapor i n t e r f ace  w i l l  be 
F I G .  3 . 3 . 2 .  RELATION BETWEEN DEPTH L AND CONTACT ANGLE 8 I N  ORDER TO 
ACHIEVE A FLAT LIQUID-VAPOR INTERFACE INSIDE A SPHERICAL 
CONTAINER OF RADIUS R .  
curved (concave upward f o r  the  former c a s e ,  convex uplard f o r  the l a t t e r ) .  
A more p r a c t i c a l  arrangement i s  shown i n  Fig. 3 . 3 . 3 .  Here the container  i s  
a surface of revolut ion,  t he  wal l s  forming a c i r c u l a r  cone over a t  l e a s t  
some region, t he  apex angle 4 of the cone, a s  i l l u s t r a t e d  i n  the  f igure ,  
being TI - 20.  For t h i s  s i t u a t i o n ,  t he  liquid-vapor i n t e r f ace  w i l l  be f l a t  
f o r  any l iqu id  depth a s  long a s  the  i n t e r f ace  i n t e r s e c t s  the  container  with- 
i n  the region t ha t  is c i r c u l a r l y  conica l .  
The above examples i l l u s t r a t e  the  importance of container  shape 
i n  obtaining liquid-vapor i n t e r f ace s  having given des i red  curvature. I t  i s  
c l e a r ,  however, t h a t  t he  problem i s  one which can be  met by su i t ab l e  choice 
of container  mater ia l  and shape. 
3.3.3 Capillarity-Driven Ribbon Formation 
We s h a l l  now describe a general  concept f o r  ribbon formation based 
on the  assumption t h a t  interfacial-energy e f f e c t s  con t ro l  t he  shaping process. 
I n  pa r t i cu l a r ,  we s h a l l  u t i l i z e  a c r y s t a l l i z a t i o n  process which i s  "constrainedff*, 
so  tha t  the  mater ia l  produced can, i n  pr inc ip le ,  be of t he  highest  qua l i t y .  
The two key fea tures  of t he  process a r e  t he  following: 
1. A framework i s  used t o  draw l iqu id  sheet  from a bath i n  a manner 
analogous t o  t he  r o l e  played by the dendr i tes  i n  t he  web process. 
2 .  Constrained growth i s  coupled w ~ t h  rapid r a t e  of production by pul l ing  
the  c r y s t a l  i n  a d i r ec t i on  aligned a t  an angle t o  t he  growth d i rec t ion .  
(We note t h a t  the bene f i t s  offered by the  law grav i ty  environment of an 
o rb i t i ng  spacecraf t  r e l a t i v e  t o  c ~ n s t r a i n e d  c r y s t a l  growth have been d i s cus s ,~d  
elsewhere (36) fo r  the  pa r t i cu l a r  case of the growth of be t a  alumina from tho 
melt under low-g conditions.) 
* Constrained c r y s t a l  growth i s  the'  , >r which the molten mater ial  ahead 
of the  solid-melt in te r face  i s  - , e ,  i . e . ,  above t he  melting r ~ i n t ,  as 
opposed t o  the case of unconstrz . c r y s t a l  growth f o r  which t he  l i qu id  
ahead of the gr0wir.g c r y s t a l  i s  metastable ,  i . e . ,  below i t s  equilibrium 
f reez ing  tempero:vre. Freezing occurs i n  the constrained-growth s i t u a t i o n  
as  a r e su l t  of the isotherm corresponding t o  the freezing temperature being 
moved r e l a t i v e  t o  the melt. Maintenance of constrained growth prevents the  
solid-melt in te r face  rrom breaking down. I f ,  however, the growth r a t e  be- 
comes too f a s t ,  the in te r face  becomes c e l l u l a r ;  and i n  the l i m i t  of even 
f a s t e r  growth r a t e s ,  i t  becomes dendr i t i c .  I f ,  however, t he  growth r a t e  
becomes too f a s t ,  the in te r face  becomes c e l l u l a r ;  and i n  the l i m i t  of even 
f a s t e r  growth r a t e s ,  i t  becomes dendr i t i c .  
F I G .  3. 3 . 3  . R E L A T I 3 N  BET'.EEN APEX ANGLE 0 AND CONTACT ANGLE 6 IN ORDER 
TO ACHIEVE A FLAT LIQUID-VAPOR INTERFACE I N S I D E  A CONTAINER 
WHICH IS A RIGHT CIRCULAR CONE OVER A PORTION OF ITS SURFACE. 
Aspects of t h i s  process a r e  discussed belm* i n  more d e t a i l  together  
with our view of some of the  at tendant  problems. The concept of "off-angle" 
growth, mentioned under ( 2 ) ,  above, i s  s u f f i c i e n t l y  important i n  i t s  awn 
r i g h t  t o  be described i n  a separate  sec t ion ,  which follows below. 
The bas ic  procedure f o r  u t i l i z i n g  c a p i l l a r i t y  forces  t o  produce 
ribbon i s  i l l u s t r a t e d  schematically i n  Fig.  3.3.4. The melt is  drawn up !T :he 
desired ribbon shape, along a frame which def ines  i t s  boundarlea. The frame 
could, i n  pr inc ip le ,  e i t h e r  be s t a t i ona ry  o r  move with the l iqu id  a t  a r a t e  
such t ha t  t he  l iqu id  ribbon does no t  move r e l a t i v e  t o  the frame. A s ta t ionary  
frame would r e s u l t  in  a simpler experimental apparatus, but a movable frame 
would undergo l e s s  wear due t o  f r i c t i o n a l  e f f e c t s  r e su l t i ng  from the  surrounding 
moving l i qu id ;  i n  addi t ion ,  de le te r ious  boundary-layer e f t e c t s  i n  the moving 
l i qu id  would be minimized i f  t he  frame i s  a l s o  moving. S o l i d i f i c a t i c n  of 
t he  l iqu id  could be indilced e i t h e r  before o r  a f t e r  the ribbon i s  separated 
from the frame. Some pa r t i cu l a r  aspec ts  of t h i s  concept t h a t  would require  
fu r the r  considerat ion a r e  described below: 
Film S t a b i l i t y .  Viscous forces ,  as  we have shown, tend t o  be 
small compared t o  c a p i l l a r i t y  forces ;  but they do e x i s t  and do tend t o  oppose 
f i lm formation, and the zxtent t o  which these forces  cons t i t u t e  a t h r ea t  t o  
f i lm  s t a b i l i t y  c o n s t ~ c u t e s  a problem which must be analyzed. For the web 
dendr i te  process, which i n  t h i s  respect  i s  a c lo se  analog of t he  proposed 
process, p u l l  r a t e s  of about 5 cm/sec have been a t ta ined  desp i te  the  super- 
cooled (and thus more viscous) melt. We an t i c ipa t e ,  f o r  t he  space process, 
t ha t  p u l l  r a t e s  of the  order  of .01 t o  .02 cm/sec w i l l  be  a t t a ined .  
A second s t a b i l i t y  question i s  involved with the s t a b i l i t y  of a 
t h i n  f i lm o r  sheet.  Without ex t e rna l l y  appl ied forces ,  the  l iqu id  f i lm 
supported by a framework should be s t ab l e .  I f  subjected t o  ex te rna l  
- r ibrat ions,  it could support l imited amounts of longi tudinal  and/or t ransverse 
standing-wave systems; these waves would be damped, of course, by viscous 
flow of mater ia l .  We did not consider t h i s  problem, but t he  l imi te  of applied 
v ibra t ions ,  beyond which the  l iqu id  sheet  becomes unstable ,  WJSL eventual ly 
be determined a s  a function of sheet  dimensions. The success of the web 
dendri te  method gives us s m e  confidence t ha t  the  po ten t ia l  s t a b i l i t y  problems 
associated with our process can be s a t i s f a c t o r i l y  resolved. 
P I G .  3 . 3 . 4 .  SCHEMATIC ILLUSTRATION OF METHOD FOR U T I L I Z I N G  CAPILLARITY 
FORCES TO SHAPE LIQ'JID S I L I C O N  INTO R I B B O N .  THE PLANE OF 
THE R I B B O N ,  I N  THIS DRAWING, LlES I N  THE PLANE OF THE tbAPER. 
Materials  f o r  Frame and Crucible.  Mater ials  developed f o r  the EFG 
process should be d i r e c t l y  appl icable  t o  our work. The most successful  has 
been graphi te ,  which seems t o  be an obvious f i r s t -choice  mater ie l .  Other 
mater ia l s  which have been successful  a r e  s i l i c a  and s i l i c o n  cars ide .  These 
mater ia l s  may need surface treatment i n  order t ha t  they mv be "wetted" by 
the l iqu id  s i l i con .  
Mechanical S t resses .  The g rea t e s t  concern regarding the  concept 
v e  have developed is  r e l a t ed  t o  t he  mismatch i n  thermal-expansion propert ies  
between the frame and t he  s i ng l e  c r y s t a l  formd wi th in  i t .  Our concerns on 
t h i s  ground have been reinforced by the experience of the  web-dendrite c ry s t a l  
growers. Our reaponse t o  t h i s  problem is  twofold: F i r s t ,  an examination is  
ca l led  fo r  of the  d i f fe rence  i n  t he  s t r e s s  d i s t r i bu t i on  bcegecn a very t h in ,  
wide, f i lm and the l e s s  f l e x i b l e  th ick ,  narrow web c rys t a l .  Second, some 
po t en t i a l  p r ac t i c a l  solur ions t o  t h i s  problem e x i s t .  These so lu t ions  include 
cu t t i ng  away the frame c iose ly  above the so l id- l iqu id  in te r face  region by 
some mechanical procedure, and the  a l t e rna t i ve  i n  which the frame i s  drawn 
may  ju s t  before the  freezing i n t e r f ace  region. The l a t t e r  method would 
provide a l e s s  f l a t  sheet  than one formed between a frame, but would com- 
p l e t e ly  remove the thermal-stress problem. 
Provided t h a t  the frame-stress probiems can be sacisfac t o r i l y  
removed, other  po ten t ia l  sources of s t r e s s  Leem t o  be l e s s  important. For 
example, s ince the web c r y s t a l  growers coi led t h e i r  c r y s t a l s  c o n t i ~ u o u s l y  o r  
a 90 cm r e e l ,  the c r y s t a l s  formed i n  t he  space process, which should be 
thinner ,  may be co i led  a t  l e a s t  a s  t i gh t l y .  
3.4 Of £-Angle Growth 
The concept of o f f -ang le  growth, ruentioned b r i e f l y  above, o f f e r s  
some important advantegee f o r  t h e  product ion of s i n g l e - c r y s t a l  r ibbon i n  
space .  Suppose a  s i n g l e - c r y s t a l  r ibbon i s  oeing grown such t h a t  the  p u l l  
v e l o c i t y  and growth v e l o c i t y  a r e  a l igned i n  d i z f e r e n t  d i r e c t i o n s .  Let V  
P  
be t h e  p u l l  v e l o c i t y ,  V t h e  growth v e l o c i t y ,  and 8 t h e  angle  between t h e  
g  
p u l l  and growth d i r e c t i o n s .  (The q u a n t i t y  d def ined he re  is  d i s t i n c t  from 
rhe  "contact  angle" d iscussed above, which was a l r o  denoted by 8 ) .  
 his 
concept i s  i l l u 8 t r a t c d  schemat ical ly  i n  Fig .  3.4.1.  For t h e  config..:ration 
shown h e r e l a s  well ae  f o r  those  i l l u e t r a t e d  i n  F igs .  3.4.2 and 3 . 4 . 4 ,  it i s  
assumed t h a t  t h e  p u l l  d i r e c t i o n  l i e s  i n  t h e  plane of t h e  mj l t en  s h e e t ;  t h i s  
need not be t \ e  c a s e ,  however, a s  de s h a l l  d i s c u s s  below (and 6 8  i s  shown 
i n  Fig.  3 . 4 . 3 ) .  
We can use Fig .  3.4.2 t o  he lp  d e r i v e  t h e  r e l a t i o n s h i p  between 
V  : V ar.d 8 .  Let us d e f i n e  A  as  t h e  a c t u a l  a r e s  of t h e  sol id-mel t  i n t e r -  
P  K '  g  
face  ( i . e . ,  t b o t  normal t o  t h e  growth d i r e c t i o n )  and A a s  t h e  i n t e r f a c e  
P  
a rea  p ro jec ted  normal t o  V . I n  o rde r  t h a t  mass be conserved, we requ i re  
P 
t h a t  
V A  = V A  . 
g g  P P  
But,  one can r e a d i l y  see  t h a t  
A = A  c o s 8  
P a 
so  t h a t  
V = V  c o s e  - 
g  P 
Hence, non-zero . .iue of 8  would r z s u l t  i n  an enhancement of p u l l  r a t e ,  
r . e . ,  V  -, V  . 
TJ g  
Two p o s s i b l e  approachee to achieving o f f -ang le  growth a r e  snowrl 
i n  Fig .  3 .  '..-. In  one of t h e s e ,  the growth v e l o c i t y  veccor i s  a l igned a t  
a.1 angle t o  the  plane of the  m l t e n  ribbon; i n  the  o t h e r ,  i t  l i e s  wi th in  
t h i s  p lane.  ( F i g .  3 . 4 . 1  and 3 . q . 2  correspond t c  the  former case . )  The 
l a t t e r  s i t u a ~ i o n  i s  probably simpler t o  achieve e x p e r i m n t a l l y ,  sinc,: hea t  


































































































FIG. 3 . 4 . 2 .  ILLUSTRATION OF QUhTITIES USED TO DETeRMINE REUTICNSHIP 
BETWEEN v vp, AND e. AN EDGE VIEW OF THE MOLTEN  RIB^ 
































































































































Other problem would e x i s t ,  however, such as  those r e su l t i ng  from the  
manner i n  which heat  is rad ia ted  from various port ions of the  system; 
theae would have t o  be t r ea t ed  in  subsequent s t ud i e s .  
Advantages t o  be gained from u t i l i z i n g  off-angle growth f o r  
ribbon production include the following : 
(1) Enhancement of p u l l  r a t e .  
(2 )  More homogeneous c r y s t a l .  Defects (e.g., s p i r a l  d i s loca t ions)  tend 
t o  propagate along the  growth d i r ec t i on  and hence would terminate a t  t he  
ribbon surface f o r  off-angle growth. 
(3) Thinner ribbon. For the  case i l l u s t r a t e d  i n  Fig. 3.4.2, f o r  which 
the s o l i d i f i e d  ribbon and molten ribbon a r e  not coplanar,  the s o l i d i f i e d  
mater ial  i s  th inner  than t he  molten ribbon. 
(4) Well su i ted  t o  space processing. The off-angle growth process would 
be d i f f i c u l t  t o  maintain s t ab ly  on ear th .  
The port ion of the  s o l i d i f i e d  ribbon which, a t  t he  melt-sol id  
in te r face ,  i s  wst pointed, has some of t he  proper t ies  of a growing 
dendr i te ,  and ex i s t i ng  dendritic-growth theory is appl icable .  A sharply 
pointed surf  ace would be unstable ,  because of t he  Gibbs-Thomson e f f e c t  , 
and it would tend t o  become rounded a s  i l l u s t r a t e d  i n  an exaggerated 
manner i n  Fig. 3.4.4. The degree of rounding depends, i n  some measure, 
upon such f ac to r s  as  the  r a t e  of advance of the  c r y s t a l  and upon the  
crystal-melt  i n t e r f a c i a l  energy. We expect t he  radius of curvature t o  l i e  
i n  the  range 1 t o  5 pm. Cne would normally expect an in te r face  of t h i s  
nature t o  become i r r egu l a r ;  however, thermal cons t ra in t s  would prevent t h i s  
from happciting i n  the present s i t ua t i on .  
It should a l so  be noted t ha t  our  concept of off-angle growth 
would lead t o  a surface exposed along the  plane of the sheet  which may not  
be a close-packed o r i en t a t i on .  Such an o r i en t a t i on  is obtained from web 
mater ial .  
Of f-angle grcwth is thus a po t en t i a l l y  useful  means f o r  enhancing 
the r a t e  of ribbon production i n  space aa well a s  the homogeneity of the  
mater ial .  It should be emphasized, however, t ha t  t h i s  process i s  not 
es sen t i a l  t o  the  concept described above involving the use of c a p i l l a r i t y  
forces f o r  ribbon shapinb. It would be used only i f  found t o  be f ea s ib l e  
within avai lable technology. 
3.5 Conclusion 
The processes described above, i . e . ,  the  use of c a p i l l a r i t y  forces 
t o  shape s i l i c o n  ribbon and the  applicat ion of off-angle growth t o  produce 
ribbon a t  f a s t e r  r a t e s  and grea te r  degree of homogeneity, appear t o  be 
feas ib le  from a :onceptual point  of view. Engineering design problems do 
e x i s t ,  such a s  maintenance of a s t ab l e  configuration during off-angle 
growth, and these must be considered a s  par t  of fur ther  developments. 
Certainly, t h e  low-gravity environment would have considerable influence 
upon design considerations. 
Additional shaping concepts t ha t  a l so  appear t o  be f ea s ib l e  need 
t o  be evaluated against  the processes proposed herein. (Indeed, we have 
considered a number of possible  concepts, subsequently discarding them 
i n  favor of those described above.) For example, one poten t ia l  process 
would involve zone melting, u t i l i z i n g  a s p a t i a l l y  fixed molten zone. mly-  
c rys t a l l i ne  sheet  would be fed along a given d i rec t ion ,  melted within the 
zone, and s ingle  c r y s t a l  ribbon pulled out  from the  molten zone. This 
concept could lead t o  problems, however, i n  obtaining a f l a t  so l id i f l ed  
sheet .  I t  should be noted t h a t  off-angle growth could be u t i l i z ed  with 
t h i s  type of procedure. 
4. CONCLUSIONS AND RECOMMENDATIONS 
As pa r t  of our overa l l  assessment of the  prospects f o r  space 
production of s i l i c o n  s ing l e  c r y s t a l  ribbon, we reviewed the  recent l i t e r -  
a tu r e  r e l a t i n g  t o  po ten t ia l  large-scale use of r i l i c o n  f o r  s o l a r  c e l l e  and 
had discussions wi th  a number of researchers  ac t i ve  i n  t h i s  f i e l d .  The 
r e s u l t s  of t h i s  survey have been considered i n  a r r i v ing  a t  t he  following 
conclusions: 
1. There i s  no doubt t ha t  t he  need e x i s t s  f o r  much b e t t e r  methods of 
producing s i l i c o n  ribbon fo r  s o l a r  c e l l s ,  i f  photovoltaic conversion i s  
ever t o  emerge a s  a v i ab l e  means of producing la rge  amounts of e l e c t r i c i t y .  
Not only a r e  much lower c o s t s  required. a t  almost every Stage of the procerrs, 
bu t  a l s o  minimally low energy expenditures,  i n  comparison t o  the  t o t a l  energy 
produced by the mater ial  over i t s  usefu l  l i f e .  
2 .  There e x i s t  a number of competing technologies f o r  production of S i  
ribbon. Some of these were described i n  Sect ion 3.1, and o thers  a r e  under 
development. No process o r  concept a t  present has demonstrated any c l e a r  
super ior i ty ,  though. 
3. No mater ial  o ther  than s i l i c o n  i s  given ser ious  considerat ion f o r  large-. 
s ca l e  t e r r e s t r i a l  so l a r  power conversion, because of i j  a v a i l a b i l i t y  of raw 
mater kl, i i )  good conversion e f f ic iency ,  and i i i )  overa l l  knowledge of and 
experience with the  mater ia l .  
4. As f a r  a s  production of s i l i c o n  wafers f o r  integrated c i r c u i t s  goes, i t  
appears t ha t  any new process w i l l  have t o  be j u s t i f i e d  s t r i c t l y  on economir 
grounds, and moreover w i l l  have t o  dislodge an entrenched, i f  ra ther  aw'hard, 
technology. 
5. Current requirements fo r  electromagnetic ahaping of s i l i c o n  ribbon a r e  
subs t an t i a l  even i f  small shaping c o i l s  very c lose  t o  the melt a r e  uaed 
Currents i n  the 100 A range w i l l  be required f o r  shaping t o  0.4 arm thicknesr  
6. Power requirements f o r  drawing an electromagneticelly shaped ribbon from 
a l ev i t a t ed  spher ica l  melt a r e  moderate--a few kW, including losses  i n  both 
the  shaping c o i l  and i n  the  molten s i l i c o n ,  i f  the shaping c o i l  i s  small. 
7.  P w e r  requirements for thinning to a few hundred microne a ribbon which 
has been previously drawn by eome other procear are high. Such procerrer 
do not at present appear feasible with the amount of shaping power that ir 
likely to be available in a space processing facility. 
8. It cannot be expected that electromagnetically shaped ribbon will be of 
uniform thickness. The thickness near the ribbon center could easily be twice 
that near the edges. This might not lead to major problem in spplications, 
but could be a problem in keeping the ribbon from touching the shaping coile. 
9. Shaping coils could be cooled ratisfactorily by convectlmtransfer to 
fluid £loving through a hollowed wire, and porsibly by other mernr. 
10. Eddy-current heating of the molten eilicon will raire ite temperature 
significantly and will move the liquid-solid interface rather far from the 
region of maximum shaping force, under typical shaping conditions, unless 
eome form of aubrtantial auxiliary cooling of the ribbon can be provided. 
11. In the absence of electromagnetic forces, the principal mechanism 
determining the shape of liquid silicon in the apace environment ie capillarity, 
which dominates over viscous, accelerational, or f l w  forcer. The morphology 
of the liquid silicon is thus principally dependent on the shape of any 
solids with which it comes into contact and the equilibrium contact angles 
between the silicon and the materials of there solids. Ribbon could in 
principle be produced simply by drawing between parallel wires. 
12. The rate of ribbon production. the homogeneity of the solid material 
produced, and the thinness of the shaped ribbon can all be enhanced by a 
process of off-angle growth in which the ribbon ia pulled at an angle to the 
direction of solidification. 
On the basis of these findings, we make the follwing recomnendationr: 
1. Although a number of ~08slble difficulties in and drawbacks to space 
productian of silicon sil-.gle-crystal ribbon have been identified, nothing 
has been found which definitely nullifies the technical fearibility of such a 
process. Therefore we do not reconmend that work in this area be halted. 
In view of the overall importance of being able to produce high-quality eilicon 
ribbon at reasonable expense, ! recomnend that work along these liner con- 
tinue to the extent jurtifiea by the overall goals of the apace-processing 
program. 
2 .  The concepts of grea tes t  proaise,  both , ~ i t h  regard t o  electromngnetic 
shaping and t o  other  methods, a r e  very "space-oriented" and there  i s  no 
reason t o  believe they can be convincingly demonstrated o r  modeled on ear th .  
Obviously, therefore ,  t e r r e s t r i a l  experiments cannot bt generally recom~ended, 
alttiough some experiments t o  t e s t  a pa r t i cu l a r  point might be desirable.  For 
example, it appears t ha t  a r e a l i s t i c  inves t iga t ion  and t e s t  of many aspects  
of the  capi l la r i ty -dr iven  shaping concept described i n  Sec. 3.3 could be 
car r ied  out  on e a r t h  using i m i s c i b l e  l iqu ids  of ~ i m i l a r  dens i t i e s ,  a s  i n  
the  c l a s s i c  exper-nts of Plateau. (32 
3 .  A number of rpec i f ic  problems associated both with electromagnetic and 
non-electromagnetic shaping of ribbon have been pointed out i n  the conclusions 
above and elrewhere i n  the report .  The primary need a t  the  present time i r  
f o r  innovative conceptualization t o  develop pract icable ways there problems 
might be d e a l t  with. I f  and when such ideas a r e  formulated, fur ther  modeling 
t o  obtain a more quant i ta t ive  assessment of t h e i r  va l id i t y  would be ca l led  
for .  Only a f t e r  development of a demonrtrably sound procedure for  ribbon 
rhaping would fu r the r  design of the overa l l  apace procesring syrtem appear 
appropriate. 
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